KIAS-P08019 



Meta-Stable Brane Configurations, 
Multiple NS5-Branes, and Rotated D6-Branes 

Changhyun Ahn 

Department of Physics, Kyungpook National University, Taegu 702-701, Korea 

ahn@knu . ac . kr 



Abstract 

We construct the type IIA nonsupersymmetric meta-stable brane configurations corre- 
sponding to the various M = 1 supersymmetric gauge theories. The D6-branes are both 
displaced and rotated where these deformations are described as the mass term and quartic 
term for the fundamental flavors respectively. The multiplicity of the NS5-branes occurs in 
the superpotential order for adjoint, symmetric, or bifundamental matters. A rich pattern of 
nonsupersymmetric meta-stable states as well as the supersymmetric stable states is found. 



1 Introduction 



The dynamical supersymmetry breaking in meta-stable vacua [U [2] occurs in the M = 1 su- 
persymmetric gauge theory with massive fundamental flavors and the corresponding type IIA 
meta-stable brane constructions have been studied in [3, 4, 5J. Other type IIA nonsupersym- 
metric meta-stable brane configuration has been constructed by considering the additional 
quartic term for the quarks in the electric superpotential besides the mass term [6l [7] . This 
extra deformation in the M = 1 supersymmetric gauge theory corresponds to the rotation of 
D6-branes along the (45)-(89) directions in type IIA string theory. The nonsupersymmetric 
ground states arise only after the gravitational attraction of NS5-brane [8j is considered. 

Branes can be used to describe the dynamics of a wide variety of M = 1 supersymmetric 
gauge theories with different matter contents and superpotential [9j. It is very important to 
control the gauge singlet meson fields in appropriate way in order to find out the new meta- 
stable states. In general, one can consider the electric brane configuration of k coincident left 
NS5-branes(012345) connected by N c D4-branes to k' coincident right NS5'-branes(012389), 
with Nf D6-branes(0123789) located between the left NS5- and right NS5'-branes pi)]. The 
creation of D4-branes during the Seiberg dual is related to the gauge singlets in the magnetic 
brane configuration. Then there exist k magnetic meson fields because each NS5-brane in the 
above brane configuration produces each meson field when it is crossing the D6-branes. 

One can try to find out the new meta-stable brane configuration for a single meson field 
by taking a single left NS5-brane but multiple k' right NS5'-branes rather than the general 
case with k left NS5-branes and k' right NS5 '-branes where the corresponding dual gauge 
theory is not known so far. This question is also raised in [11] where the meta-stable brane 
configuration when k = 2 and k' — 1 was studied. In this paper, we find the various meta- 
stable brane configurations for the different gauge theories with matters and superpotential, 
along the lines of [T21 CUB [HI [15] . All of these examples contain a set of a single NS5-brane 
and multiple NS5'-branes in their type IIA brane configurations. The single magnetic meson 
field is realized by the product of quark and anti-quark in the electric gauge theory in the 
presence of D6-branes with quartic superpotential for the fundamentals. On the other hand, 
when there are no D6-branes, it is realized by the product of bifundamentals with higher 
order superpotential. 

In section 2, we review the type IIA brane configuration corresponding to the Af = 1 
SU(N C ) gauge theory with two adjoints and fundamentals and deform this theory by adding 
both the mass term and the quartic term for the fundamentals. Then we describe the dual 
J\f = 1 SU(N C ) gauge theory with corresponding dual matter as well as a gauge singlet. We 
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discuss the nonsupersymmetric meta-stable minimum and present the corresponding inter- 
secting brane configuration of type IIA string theory. In section 3, we apply the method of 
section 2 to the M = 1 Sp(N c ) gauge theory with two adjoints and fundamentals. 

In section 4, we review the type IIA brane configuration corresponding to the M = 1 
SU(N C ) gauge theory with symmetric tensor and fundamentals and deform this theory by 
adding both the mass term and the quartic term for the fundamentals. Then we study the 
dual M = 1 SU (N c ) gauge theory with corresponding dual matters. We present the nonsuper- 
symmetric meta-stable minimum and the corresponding intersecting brane configuration of 
type IIA string theory. 

In section 5, we review the type IIA brane configuration corresponding to the M = 1 
SU (N c ) x SU (N' c ) gauge theory with bifundamentals and fundamentals and deform this theory 
by adding both the mass terms and the quartic terms for each fundamentals. Then we 
describe the dual M — 1 SU(N C ) x SU(N^.) gauge theory with corresponding dual matters. 
We discuss the nonsupersymmetric meta-stable minimum and the corresponding intersecting 
brane configuration. In section 6, we use the method of section 5 to the M = 1 Sp(N c ) x 
SO(2N' c ) gauge theory with bifundamentals, vectors and fundamentals. In section 7, we apply 
the method of section 5 to the M = 1 SU(N C ) x SO(2N' c ) gauge theory with bifundamentals, 
vectors and fundamentals. 

In section 8, we review the type IIA brane configuration corresponding to the M = 1 
SU(N C ) x SU(N' C ) gauge theory with symmetric tensor and bifundamentals and deform this 
theory by adding both the mass term and the higher order term for bifundamentals. Then we 
describe the dual M = 1 SU(N C ) x SU(N' C ) gauge theory with corresponding dual matters. 
We discuss the nonsupersymmetric meta-stable minimum and the corresponding intersecting 
brane configuration. In section 9, we use the method of section 8 to the M = 1 SU(N C ) x 
SU (N' c ) gauge theory with antisymmetric tensor, eight fundamentals and bifundamentals. 

In section 10, we review the type IIA brane configuration corresponding to the M = 1 
SU(N C ) x SU(N' C ) gauge theory with symmetric tensor, bifundamentals and fundamentals 
and deform this theory by adding both the mass terms and the quartic terms for each fun- 
damentals. Then we describe the dual M = 1 SU(N C ) x SU (N' c ) gauge theory or M = 1 
SU(N C ) x SU(N' C ) gauge theory with corresponding dual matters. We study the nonsuper- 
symmetric meta-stable minimum and the corresponding intersecting brane configurations. In 
section 11, we also describe the M = 1 SU(N C ) x SU(N^) gauge theory with antisymmetric 
tensor, bifundamentals and fundamentals. 

In section 12, we make some comments for the future directions. 
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2 SU(N C ) with two adj. and A^j-fund. 
2.1 Electric theory 

The type IIA supersymmetric electric brane configuration [10J corresponding to Af = 1 
SU(N C ) gauge theory with two adjoint fields $, $' and A^-fundamental flavors Q, Q can be 
described as follows: one NS5-brane(012345), k! NS5'-branes(012389), iV c D4-branes(01236), 
and Nf D6-branes(0123789). Let us introduce two complex coordinates [9] 

v = x 4 + ix 5 , w = x 8 + ix 9 . 

Since we consider a single NS5-brane, the adjoint field $ is massive and can be integrated 
out. For large coupling in front of the quadratic $ term, there is no ^-dependence in the 
superpotential. The A^-color D4-branes are suspended between the left NS5-brane and the 
right NS5'-branes and similarly the Nf D6-branes are located between the left NS5-brane and 
the right NS5'-branes. The ^/-fundamental flavors Q, Q are strings stretching between Nf 
D6-branes and AT c -color D4-branes while the adjoint field $' is related to the fluctuations of 
AT c -color D4-branes in v direction. 

Let us deform this theory by adding the mass term and the quartic term for fundamental 
quarks Q, Q in order to find the new nonsupersymmetric meta-stable states. The former 
can be achieved by displacing the D6-branes along +v direction leading to their coordinates 
v = +vdg [9] while the latter can be obtained by rotating the D6-branes pj by an angle —9 
in (w, i>)-plane and we denote those rotated D6-branes by _D6_e-branes. Then, in the electric 
gauge theory, the deformed superpotential is given by 



W, 



elec 



L 2 



^ tr + Q&q] - m tr QQ + % tr(QQ) 2 , a = m = ^(2.1 



2 v ^^ y ' A ' 2ttP 



where A is related to the scales of the electric and magnetic theories and +vdq_ b is the v 
coordinate of the center of coincident rotated D6_e-branes. When k' = 1, this theory reduces 
to the one in (6j [7j because the first two terms of ( 12.11) contribute to the additional quartic 
term for the quarks Q, Q and we are left with the last two terms in (|2.1|) . Therefore, we focus 
on the nontrivial case with the number of NS5'-branes k' > 2. 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential ( 12. II) in type IIA string theory as follows and draw this in Figure 1: 

1 Without the quartic term(a = 0), the theory with k' = N c — 1 obtained by resolving the superpotential(i.e., 
there exist also the lower order terms by splitting the k' NS5'-branes in v direction) was studied in [16] 
some time ago in the supersymmetric brane configuration and this theory without D6-branes when k' > 
N c + l(multitrace interactions) was also studied in the context of supersymmetry breaking vacua from M5- 
branes recently [17] . 
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• One left NS5-brane in (012345) directions with w = 

• k' right NS5'-branes in (012389) directions with v = 

• A^-color D4-branes in (01236) directions with v = = w 

• Nf -D6_£>-branes in (01237) directions and two other directions in (v, w)-p\a.ne 




Figure 1: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) with two adjoints and fundamentals Q, Q. Note that there are k' NS5'-branes and the 
fluctuations of N c color D4-branes in v direction correspond to the adjoint field. A "rotation" 
of Nf D6-branes in (w, i>)-plane, which become D6_g-branes, corresponds to a quartic term 
for the fundamentals while a "displacement" of Nf D6-branes in +v direction corresponds to 
a mass term for the fundamentals. 

2.2 Magnetic theory 

Let us move the left NS5-brane to the right all the way past the right NS5'-branes and one 
arrives at the Figure 2A. Note that there exists a creation of iV/-flavor D4-branes connecting 
Nf D6_6i-branes and k' NS5'-branes. Recall that the Nf D6_e-branes are not parallel to the 
NS5-brane in Figure 1 unless 9 = ~ . The linking number [IE] of the NS5-brane from Figure 
2A is l m = ^j- — N c . On the other hand, the linking number of the NS5-brane from Figure 1 
is l e = — + iV c . From the equality between these two relations, one obtains the number of 
colors of dual magnetic theory [10] 

N c = Nf — N c . 

Note that the multiplicity k' of NS5'-branes does not arise in this computation because the 
creation of flavor D4-branes appears via the dual process between the NS5-brane and Nf 
_D6_0-branes which do not depend on k'. 

The low energy theory on the dual color D4-branes has SU (N c ) gauge group and an adjoint 
field 4>' coming from 4-4 strings connecting the dual color D4-branes and Aj-fundamental dual 
quarks q, q coming from 4-4 strings connecting between the color D4-branes and flavor D4- 
branes. Moreover, a single magnetic meson field M = QQ is Nf x Nf matrix and comes from 
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Figure 2: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
1 with a misalignment between D4-branes when the gravitational potential of the NS5-brane is 
ignored(2A) and nonsupersymmetric brane configuration when the gravitational potential of 
the NS5-brane is considered(2B). The Nf flavor D4-branes connecting between D6_6»-branes 
and NS5'-branes are splitting into N c -, (N c — I)- and I- D4-branes(2A). Further n- D4-branes 
among (N c — I)- D4-branes are moved to the NS5-brane(2B). 



4-4 strings of flavor D4-branes. Then the dual magnetic superpotential is given by 

+ ^ti M 2 -mM. (2.2) 

The undeformed expression, the first three terms, is already found in [10J. The case with 
k' — 1 leads to the one in j6]. In order to obtain the supersymmetric vacua, one computes 
the F-term equations for the superpotential (12.21) : 

jMq + q<f>' = 0, fiq + ^qM = 0, 
i^(A/ + l)0'*' + qq = 0, jqq = m-aM. (2.3) 

We choose the adjoint field <p' to be diagonal, i.e., (j)' = diag(0' 1 ,--- >0jy)- Then the 
first two equations of (12. 3p imply that the upper left N c x N c block of ¥■ is given by 
diag(— 4>x, • • • , — (f>'r T )• By substituting this into the last equation of (12. 3p . one obtains the 
upper left N c x N c block of \qq is given by diag(m + aAtfi^, ■ ■ ■ ,m + ctA(p'~ ). Moreover, the 
lower right (Nf — N c ) x (Nf — N c ) block of M is given by Vs zero eigenvalues and (Nf — N c — l)'s 
eigenvalues — . Then finally, the third equation of H 2 . 3 1) gives rise to the expectation value for 
the adjoint field <p' satisfying that 

l -g ¥ {k' + l)^' = -A(m + aA^) (2.4) 

for j = 1,2, •• • ,N C . For nonzero quark mass m, the expectation value <^ is not vanishing 
and —A(j)'j > ^ for the positiveness of left hand side of (12.41) when and 0'- are real. 



W, 



in at.) 



9<j>' 



tr (j)' 



k'+l 



'q + -Mqq 
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Let us first describe the nonsupersymmetric meta-stable states and supersymmetric ones 
when all the Nf _D6_0-branes and k' NS5'-branes are coincident with each other. 
• Coincident Nf -D6_0-branes and k' NS5'-branes(equal massive flavors) 
One writes Nf x Nf matrix M with N c (= Nf — N c ) eigenvalues by the diagonal elements 
for 0', /'s eigenvalues by the zeros and (N c — I) eigenvalues — as follows: 

/ -A0' \ 
M= 0, , with 0' = diag(0i, • • • (2.5) 

V ai^y 

In the brane configuration of Figure 2 A, the I of the A^j-flavor D4-branes are connected with 
/-color D4-branes and the resulting I D4-branes stretch from the D6_e-branes to the NS5- 
brane directly and the intersection point between the I D4-branes and the D6_e-branes is 
given by (v,w) = (+V£> 6 __ e , 0). This corresponds to exactly the Vs eigenvalues from zeros of 
M in (I2.5p . Now the remaining (N c — /)-flavor D4-branes between the D6_e-branes and the 
NS5'-branes correspond to the eigenvalues of M in (12.51) . i.e., — ljv e -z- The intersection point 
between the (N c — /) D4-branes and the NS5'-branes is given by (v,w) = (0, +f£>6„ e cot 6) 
from trigonometric geometry [6] . Finally, the remnant A^-flavor D4-branes between the D6-e- 
branes and the NS5'-branes correspond to the eigenvalues — Ac// in (12. 5p with (12.41) providing 
the exact nonzero w coordinates for these flavor D4-branes. 

One also represents the vacuum expectation value for the quarks as follows: 

/ A(ml^ c + aA0') \ 
qq=\ "0 Ami, , with 0' = diag(0i, • • • , (j>'~ ). (2.6) 

V Nc -t J 

In the l-th vacuum the gauge symmetry is broken to SU(N c — l) and when the supersymmetric 
vacuum is drawn in Figure 2A with I = 0, the gauge group SU(N C ) is unbroken. Then the 
supersymmetric ground state corresponds to the vacuum expectation values M by — A<p' which 
has Ac's eigenvalues and — with degeneracy N c . 

The theory has nonsupersymmetric meta-stable ground states since there exists an attrac- 
tive gravitational interaction between the flavor D4-branes and the NS5-brane from the DBI 
action [8]. Let us rescale the meson field as M = hAQ. Then the magnetic superpotential 
(12.21) can be rewritten in terms of $, q, q and <// 

W dual = h<$>qq + ^h 2 tr $ 2 - hfi 2 tr $ + ^ tr <p' k ' +1 + q<j>'q (2.7) 

with /x 2 = mA and //^ = aA 2 . 
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Now one splits the (N c - 
blocks of size n and (N c — I 



I) x (N c — I) block at the lower right corner of M and qq into 
- n) and then (12.51) and (12. 6p are rewritten as follows [7] : 



V 



o 







0/ 








h<f> r 











\ 



idl 



qq 



( fi 2 l^ c + aA 2 

c 



V o 



m N °- l ~ n / 





^1 

















(2.8) 



/ 



with 



diag( 



N c 



Here <p and if are n x (N c — I) matrices and correspond to 
n-flavors of fundamentals of the gauge group SU(N C — I) which is unbroken. One can move n 
D4-branes from (A^ — I) flavor D4-branes stretched between the D6_g-branes and the NS5'- 
branes at w = +V£,q_ b cot 9, to the local minimum of the potential and the end points of these 
n D4-branes are at a nonzero w [6]. In the brane configuration from Figure 2B, <p and ip 
correspond to fundamental strings connecting between the n-fiavor D4-branes and (N c — l)- 
color D4-branes. Moreover, the /i$ ra and tptp are n x n matrices. The supersymmetric ground 

2 

state corresponds to the vacuum expectation values by /i$ n = jj-l n and (f(p = 0. 
The full one loop potential from (12. 7ft and (12. 8j) takes the form 

V 



where b 



(In 4-1) 
8tt 2 



+ / i ^$ n | / + 6|/i/i| 2 tr$t$ n (2.9) 
N c and we did not include $ n - or ^^-independent term and after differenti- 



ating this (12.91) with respect to ^ n one obtains the local nonzero stable point given by 



b 



or 



N c 



This corresponds to the location of w coordinate, which is less than 



of n flavor 



D4-branes between the D6_e-branes and the NS5'-branes. 

• Non-coincident Nf D6_6»-branes and k' NS5'-branes(different massive flavors) 
Let us suppose that the numbers of D6_e-branes and the NS5'-branes are equal to each 
other:iVy = k'. Let us displace the k' D6_6i-branes and NS5'-branes given in Figure 2A in 
the v direction respectively to two k' different points denoted by VD 6 _ g . and v NS ^. where 
j = 1,2, •■ ■ , k'. The color and flavor D4-branes attached to them are displaced also. The 
number of color D4-branes stretched between j-th iVS^-brane and the NS5-brane is denoted 
by N c j while the number of flavor D4-branes stretched between the j-th D6_e.-,-brane and 
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the j-th NS5 j-bvane is denoted by N 



f,j- 



Then it is obvious that there are relations between 



the color and flavor D4-branes Ylj=i N c ,j — N c and Y^j=i ^f,j = Nf. When all the NS5'j- 
branes and -D6_0j-branes are distinct, the low energy physics corresponds to ^'-decoupled 
supersymmetric gauge theories with gauge group fljLi SU(N c j). 

One deforms the Figure 2B by displacing the multiple D6_6»-branes and iVS^'-branes along 
v direction, as in [15]. Then the n curved flavor D4-branes attached to them(as well as other 
D4-branes) are displaced also as k' different n^-'s connecting between D6_0j-brane and NS5'j- 
brane. When we rescale the submeson field as Mj = hAQj [15], then the Kahler potential for 
$j is canonical and the magnetic quarks qj and qj are canonical near the origin of field space 
P]. Then the magnetic superpotential (12.71) can be rewritten in terms of and <f>'~ 

N c> j 

which is coming from 4-4 strings connecting between the j'-th N c j D4-branes 



dual 



J 2 



,k'+l , „ 



(2.10) 



with (ij = rrijAj and /i^ = aA 2 as before. 

One splits the (N c j — lj) x (N c j — lj) block at the lower right corner of h$>j and qjcfj into 
blocks of size rij and (N c j — lj 



n 



( ®N c +l+n 



V o 

diag(<^> ~ , 



, j for all j as follows [15] : 




i-d-m 







N 








^Ky-l^-n,, J 



+ diag(0^ c+p h$ ni , • • • , h$ nk , , 



N,-l-n) 



(2.11) 



and 



qq 













\ 








o i4i h o o • 
































0- 












V o 








0^-, J 






+ diag(//?l 




,i' ' 






+ diag(0^ c _ 






y'-Pny, 0jv c -,-n) 






and 


n = E 


k - =1 riy Here 




and (p n . are n 3 


X 





(2.12) 



correspond to n,,-flavors of fundamentals of the gauge group SU(N c j — lj) which is unbro- 
ken. They correspond to fundamental strings connecting between the rij-flavor D4-branes 
and (N c j — /j)-color D4-branes. Moreover, the $ nj and ip n .(p n . are rij x nj matrices. The 
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supersymmetric ground state corresponds to the vacuum expectation values by h& nj = -jf-lnj 
and <p nj (p n . = 0. The full one loop potential from (I2.10p . (12.111) and (I2.12p can be written 
similarly and the local nonzero stable point arises as 

h$ nj - T^ln, or M n ~ ^-1„, 

bj 3 3 N cJ 3 

corresponding to the nonzero w coordinates of nj flavor D4-branes between the D6_ej-brane 
and the iVS^-brane. 

Therefore, the meta-stable states, for fixed k! which is related to the order of the adjoint 
field in the superpotential and 9 which is a deformation parameter by rotation angle of D6-g- 
branes, are classified by the number of various D4-branes and the positions of multiple DQ_q- 
branes and NS5'-branes: (N c j, Nfj, L, n,) and {v m _ e .,v NS5 >.) where j — 1, 2, • • • , k! . 

When Nf is not equal to A;'(for example, when Nf > k r ), then some coincident D6_$- 
branes among Nf D6_g-branes should be connected to the NS5'-branes in order to connect 
all the flavor D4-branes between the D6_e-branes and the NS5'-branes. These coincident 
D6_6»-branes can be obtained by taking those quark masses equal. Then all the previous 
descriptions for the meta-stable states for the case with Nf = k! can be applied in this 
case also without any difficulty. On the other hand, when Nf < k', then some coincident 
NS5'-branes among k' NS5'-branes should be connected to the D6_g-branes. 

3 Sp(N c ) with two adj. and TVj-fund. 
3.1 Electric theory 

The type IIA supersymmetric electric brane configuration [lOl [191 120] corresponding to TV = 
1 Sp(N c ) gauge theory with two adjoint fields $, $'(which are symmetric tensors in the 
symplectic gauge group) and iVy-fundamental flavors Q can be described as follows: one NS5- 
brane, (2k' + 1) NS5'-branes, 2N C D4-branes, 2N f D6-branes and the O4 ± -planes(01236). The 
2A r c -color D4-branes are suspended between the left NS5-brane and the right NS5'-branes and 
the 2Nf D6-branes are located between the left NS5-brane and the right NS5'-branes. The 
2A^-fields Q are strings stretching between 2Nf D6-branes and 2N c -co\ot D4-branes. The 
adjoint field <&' is related to the fluctuations of color D4-branes in v direction. 

Let us deform this theory by adding the mass and the quartic terms for fundamental 
quarks. The former can be achieved by displacing the D6-branes along ±v direction leading 
to their coordinates v = rkvo& |9] while the latter can be obtained by rotating the D6-branes 
[6] by an angle —9 in (iy,w)-plane and we denote them by D6_g-branes. That is, each Nf 
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D6-branes is moving to the ±v directions respectively and then is rotating by an angle —9 in 
(u>, t>)-plane. Therefore, in the electric gauge theory, the deformed superpotential is given by 



W, 



elec 



^tr$' 2fc ' 



+ Q&Q 



a 



mtrQQ + ^tr(QQ) 2 , 



tan (9 



a 



m 



,(3.1) 



A ' 2ir£ 2 s 

When k! = 0, this theory reduces to the one similar to the unitary case [6j[7] because the first 
two terms of (13.11) contribute to the additional quartic term for the quarks. Therefore, we 
focus on the nontrivial case with k' > 1. The order of the first term of (13. ip can be determined 
by replacing the k! of (12.11) with (2A/ + 1) in the sense that when the additional k! NS5'-branes 
are added into a single NS5'-brane, their mirrors also should be present, leading to the total 
number of NS5'-branes being (2k' + 1). 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential (13. ip in type IIA string theory as follows and draw this in Figure 3 which is nothing 
but the Figure 1 together with the addition of 04 ± -planes: 

• One left NS5-brane in (012345) directions with w = 

• (2k' + 1) right NS5'-branes in (012389) directions with v = 

• 2A r c -color D4-branes in (01236) directions with v = = w 

• 2Nj D6_6)-branes in (01237) directions and two other directions in (v , w;)-plane 

• 04 ± -planes in (01236) directions with v — = w 




Figure 3: The M = 1 supersymmetric electric brane configuration for the gauge group 
Sp(N c ) with two adjoints and fundamentals Q. Note that there are (2k' + 1) NS5'-branes 
and the fluctuations of 2A^ C color D4-branes in v direction correspond to the adjoint field. A 
rotation of Nf D6-branes in (w, v )-plane corresponds to a quartic term for the fundamentals 
while a displacement of Nf D6-branes in ±t> direction corresponds to a mass term for the 
fundamentals. 



3.2 Magnetic theory 

Let us move the left NS5-brane to the right past the right NS5'-branes as in previous section 
and we arrive at the Figure 4A. Note that there exists a creation of A^-flavor D4-branes 
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connecting Nf D6_e-branes and (2k' + 1) NS5'-branes(and their mirrors). The linking number 



27V 

of the NS5-brane from Figure 4A is l m = — 2 — 2N C . The linking number of the NS5-brane 



27V 

from Figure 3 is l e = — ^- + 2 + 2N C . From the equality between these, one obtains the 
number of colors of dual magnetic theory [TD], [TJ [21] N c = Nf — N c — 2. 




Figure 4: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
3 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(4A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered (4B). The Nf upper flavor D4-branes connecting between upper 
-D6_6>-branes and NS5'-branes are splitting into N c -, (Nf — N c — I)- and /- D4-branes(4A). 
Further n- D4-branes among upper (Nf — N c — l)- D4-branes are moved to the NS5-brane(4B). 

The low energy theory on the color D4-branes has Sp(N c ) gauge group and an adjoint 
field cf>' coming from 4-4 strings connecting the color D4-branes and ^-fundamental quarks 
q coming from 4-4 strings connecting between the color D4-branes and flavor D4-branes. 
Moreover, a single magnetic meson field M = QQ is 2Nf x 2Nf matrix and comes from 4-4 
strings of flavor D4-branes. Then the magnetic superpotential is given by 



W, 



may 



— tr0 +q(pq+—Mqq 
2 t\ 



-tr M 



mM. 



(3.2) 



When k' — and there is no mass term for M, this superpotential reduces to the one found 
in HH2U. 

In order to obtain the supersymmetric vacua, one computes the F-term equations for the 
superpotential ( 13. 2ft : 



A 



Mq + q<f/ = 0, 



(k' + l)<f ) ' 2k ' +1 + qq = 0, 



A 



qq = m — aM. 



(3.3) 



We choose the adjoint field </>' to be diagonal, i.e., 0' = diag(0' 1 , ■ • • , ~ ) ® a% [T3]. Then 
the first equation of (13. 3p implies that the upper left 2A C x 2A C block of is given by 
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diag(— (j>\, ■ ■ ■ , — ) (g) ia 2 . By substituting this into the last equation of ( 13. 31) . one obtains 
the upper left 2iV c x 2iV c block of ^qq is given by diag(m + aA<p[, ■ ■ ■ ,m + ctAfa ) ® icr 2 . 
Moreover, the lower right 2(iVy — N c ) x 2(iVy — N c ) block of M is given by 2/'s zero eigenvalues 
and 2(Nf — N c — /)'s eigenvalues ±— . Then finally, the second equation of (13.31) gives rise to 
the expectation value for the adjoint field 0' satisfying that 

g^(k' + l)0;. 2fc ' +1 = -A(m + «A$) (3.4) 

for j = 1,2, •• • , iV c . For nonzero quark mass m, the expectation value is not vanishing 

and — A(/)'j > ^ for the positiveness of left hand side of (13.41) when g^ and are real. 

Let us first describe the nonsupersymmetric meta-stable states and supersymmetric ones 

when all the 2Nf Z^6_6»-branes and (2k! + 1) NS5'-branes are coincident with each other. 
• Two coincident Nf D6_6>-branes and coincident (2k! + 1) NS5'-branes 
One writes 2Nf x 2Nf matrix M with 2A" C eigenvalues by the diagonal elements for ±c//, 

2/'s eigenvalues by the zeros and 2(Nf — N c — I) eigenvalues as follows: 

/ -kip' ® ia 2 \ 

M=\ 2l 1 ^' = diag^, • • • ,^). (3.5) 

V ^Nf-N^^J 

Therefore, in the brane configuration of Figure 4A, the I of the upper Nf flavor D4-branes are 
connected with / of N c color D4-branes and the resulting D4-branes stretch from the upper 
-D6_0-branes to the NS5-brane directly and the intersection point between the / upper D4- 
branes and the NS5-brane is given by (v, w) = (+vd6„ , 0). Now the (Nf — N c — l) upper flavor 
D4-branes between the D6_ei-branes and the NS5'-branes are related to the corresponding half 
eigenvalues of M:^1 N _^_ v The intersection point between the (Nf — N c — I) upper D4- 
branes and the NS5'-branes is given by (v,w) = (0,+V£>6_ g cot9) corresponding to positive 
eigenvalues of M. Finally, the remnant 2A r c -flavor D4-branes between the D6_6i-branes and 
the NS5'-branes correspond to the eigenvalues ±(// in ( 13.51) with (13 .41) which shows the exact 
coordinate of w for these flavor D4-branes. 

One represents the vacuum expectation value for the quarks as follows: 

/ A(ml^ c + aA(p') ® ia 2 \ 

qq=\ ' Aml l ®ia 2 , <p' = diag^, • ■ • , fa ). (3.6) 

V \n s -n c -d) 

In the /-th vacuum the gauge symmetry is broken to Sp(N c — l) and when the supersymmetric 
vacuum is drawn in Figure 4A with / = 0, the gauge group Sp(N c ) is unbroken. Then the 
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supersymmetric ground state corresponds to the vacuum expectation values M by ±ip' which 
has 2iV c 's eigenvalues and ±— with degeneracy 2(Nf — N c ). 

Let us rescale the meson field as M = /iA<3> pp. Then the magnetic superpotential (13.21) 
can be rewritten in terms of q and <j>' 



dual 



h $ qq + t^L h 2 tr$ 2 - V tr $ + ^ tr <P' 2k>+2 + 



(3.7) 



where [i 2 = mA and = aA 2 . 

Now one splits the 2(Aj — N c — I) x 2 (Ay — N c — I) block at the lower right corner of M 
and qq into blocks of size 2n and 2(Ay — N c — I — n) and then (I3.5P and (13.61) are rewritten 
as follows: 



h<$> 



( -(p'®ia 2 

2l 

h$ 2n 











\ 



qq 



( (/i 2 l# c + a A 2 if') ®ia 2 

n 2 li®io 2 

ipip 





\ 



2(N f -N c -l-n) J 



Here ip is 2n x 2(A" C — /) dimensional matrix and corresponds to 2n flavors of fundamentals of 
the gauge group Sp(N c — I) which is unbroken by the nonzero expectation value of q. The Q 2n 
and ipip are 2n x 2n matrices. The supersymmetric ground state corresponds to the vacuum 

2 

expectation values by h§ 2n = — l n Cg) z<7 2 and 09 = 0. 
The full one loop potential takes the form 

V 



\h\< 



( &2nV 9 + WT + W-A* l2n + V^*2n + &|V| tr$ 2n $ 



2)i 



g7r ^ — A c and we did not include $ 2n -independent term and after differentiating 



where b — ( - ln4 ^ 

this with respect to $ 2n one obtains the local nonzero stable point given by 



6 



or 



2n 



corresponding to the location of w coordinates for n flavor D4-branes, very close to the NS5- 
brane, between the .D6_6»-branes and the NS5'-branes. 
• Non-coincident D6_6i-branes and NS5'-branes 

Let us consider when the numbers of D6_e-branes and the number of NS5'-branes minus 
one are equal: AT/ = k'. We displace the k' upper Z)6_<9-branes and upper NS5'-branes, given 
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in Figure 4A, in the +v direction respectively to two k' different points denoted by Vd§_ b 
and VjsfS5'. where j = 1,2, ■ ■ ■ , &'(and their mirrors in the — v direction). A single NS5'-brane 



is located at v = 0. Then there are ^ 7=1 N t 



N 



N e j-2)=N c aad £ - =1 iV/ • 



When all the upper iVS^-branes and D6_0j-branes(j = 1,2, •■• ,k') are distinct, the low 
energy physics corresponds to k' decoupled supersymmetric gauge theories with gauge groups 

One deforms the Figure 4B by displacing the multiple D6_e-branes and iVS'S'-branes 
along v direction [15]. Then the n curved flavor D4-branes attached to them as well as other 
D4-branes are displaced also as k' different n^s connecting between _D6_0j-brane and NS5'j- 
brane. Then the magnetic superpotential (13.71) can be rewritten in terms of <3>j, qj and (p'~ 
which is coming from 4-4 strings connecting between the j-th N c j D4-branes 
k' 



W, 



dual 



3=1 



h^jqjqj + ^h 2 tr $| - htr $<$>j + 



- ,' 2k ' + 2 : Jj 



(3.8) 



with fi 2 = rrijAj and ^ = aA 2 as before. 

One splits the 2(Nfj — N c j — lj) x 2(Nfj — N c j — lj) block at the lower right corner of 
and qjqj into blocks of size 2rij and 2(Nfj — N c j — lj — rij) for all j as follows: 



( ®2(N c +l+n) 



Mi 



N f,i- N c,i-h-n 1 





icr 2 









\ 







V4> 



N 



-iV„ 



-lu-nu 



l(J 2 



diag( 



io 2 



+ diag(0 2fi y 



2(iV c +Z)' '^2711 , 



h ®2n k ,,0 2 (N f -N c -l-n); 



(3.9) 



and 



qq 







V 











^1% o 











.2,1 










+ diag(^ 1 l^ i +aA 
+ diag(0 2( ^ c+ q,^2ni¥'2r ll) - 








2(N f ~N c -l) 
2 it 



\ 



,0 



¥2n k , ¥2n k , , %(N f -N c -l-n)) 



1&2 



(3.10) 



where I = £* = i h an d n = £jLi n r Here (p 2n . is 2rij x 2(N c j — lj) matrices and correspond 
to 2nj-flavors of fundamentals of the gauge group Sp(N c j — lj) which is unbroken. The super- 



symmetric ground state corresponds to the vacuum expectation values by h& 2n . — jr^-r 



na 2 
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and f2 nj = 0. The full one loop potential from (|3.8p . (13. 9p and (13.101) can be written similarly 
and the local nonzero stable point arises as 

h^2n, ^ T 21 In, ® lO* Or M 2n) ~ l n ® ^(72 

corresponding to the u> coordinates of rij flavor D4-branes between the D6_ej-brane and the 
iVS , 5'-brane(and their mirrors). 

Therefore, the meta-stable states, for fixed k' and 9, are classified by the number of various 
D4-branes and the positions of multiple -D6_6rbranes and NS5'-branes: When Nf is not equal 
to A/ (for example, when Nf > k'), then some coincident D6_e-branes among Nf _D6_6i-branes 
should be connected to the NS5'-branes in order to connect all the flavor D4-branes between 
the D6_6i-branes and the NS5'-branes. 

4 SU(N C ) with A^-fund. and a symm. 
4.1 Electric theory 

The type IIA supersymmetric electric brane configuration J22J [231 [9] corresponding to M = 
1 SU(N C ) gauge theory with a symmetric tensor S, a conjugate symmetric tensor S, Nf- 
fundamental flavors Q, Q can be described as follows: one middle NS5-brane, 2k' NS5'-branes, 
iV c -color D4-branes, 2Nf D6-branes and the O6 + -plane(0123789). The A^c-color D4-branes are 
suspended between the left k' NS5'-branes and the right k' NS5'-branes and similarly each 
Nf D6-branes is located between the middle NS5-brane and the NS5'-branes. 

Let us deform this theory [21] by adding the mass and the quartic terms for fundamental 
quarks. The former can be achieved by displacing the D6-branes along ±v direction leading 
to their coordinates v = ±vdg [9] while the latter can be obtained by rotating the D6-branes 
[6] by the angles =F# in (w, v)-plane and we denote them by D6 T e-branes. Therefore, in the 
electric gauge theory, the deformed superpotential is given by 



W elec = - tr(QQ) 2 -mtiQQ + 



-^ti(SS) k ' +1 + m s tiSS 



(4.1) 



Here the a = and m = correspond to the rotation and displacement of D6-branes 

and they are the same as the ones in [12]. The last two terms in (14. 1ft are due to the rotation 
of NS5'-branes where j3 = tan a; and u is a rotation angle of NS5'-branes in the (w,v)-p\&ne 
and the relative displacement of D4-branes where m§ = v^sb' is the distance of D4-branes in 
v direction. When k' — 1 with small (3 limit and = 0, this theory reduces to the one 
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Therefore, we focus on the case with k' > 2 and fl, mg — > 0, i.e., we consider the multiple 
NS5'-branes with the electric superpotential (14.11) with this particular limit. 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential (14.11) in type IIA string theory as follows and draw this in Figure 5: 

• One NS5-brane in (012345) directions with w = = x 6 

• 2k' NS5'-branes in (012389) directions with v — 

• A^-color D4-branes in (01236) directions with v = = w 

• Nf .D6±0-branes in (01237) directions and two other directions in (v, w;)-plane 

• 06 + -plane in (0123789) directions with x 6 = = v 




Figure 5: The M = 1 supersymmetric electric brane configuration for the gauge group SU (N c ) 
with a symmetric tensor and fundamentals Q, Q. Note that there are multiple k' NS5'-branes. 
A rotation of Nf D6-branes in (w, u)-plane, denoted by D6 =F 6i-branes, corresponds to a quartic 
term for the fundamentals while a displacement of Nf D6-branes in ±v direction corresponds 
to a mass term for the fundamentals. 

4.2 Magnetic theory 

We move the D6 =F e-branes and the left and right NS5'-branes through each other and use 
the linking numbers for the computation of creation of D4-branes as in [23]. Let us take 
the "extra" left- and right-(A; / — 1) NS5'-branes, compared with the single NS5'-brane case 
[23l [12], move them to the origin x 6 = 0, and rotate them by an angle | in (w, u)-plane, 
coinciding with the middle NS5-brane. Temporarily, there exist (2k' — 1) middle NS5-branes 
at x 6 = 0. Let us move the left D66i-branes to the right all the way(and their mirrors, right 
.D6_0-branes to the left) past the NS5-branes and the right single NS5'-brane. Then the 
linking number l m of a Z^-brane becomes l m = \ — n^i while the one of the same D66»-brane 
l e = — | in the electric theory. Then the number of D4-branes to the left of this D66»-brane 
n 4 £ in the magnetic theory becomes 1 and we must add Nf D4-branes to the left side of all 
Nf D6#-branes(and their mirrors). Note that at the x 6 = 0, the -D6±#-branes become the 
-D6±zL-branes instantaneously [2"3"[ [T2]. 
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Then the extra 2(k' — 1) middle NS5-branes, which were left- and right-(A;' — 1) NS5'-branes 
in the electric theory, are moving to ±x 6 direction by performing the remaining dual process 
and rotating by an angle | in (w, i>)-plane. This leads to the left k! NS5'-branes and the right 
k' NS5'-branes which look similar to the brane configuration of electric theory but we need 
to further take Seiberg dual for the remaining single NS5'-brane here. In this process there 
is a creation of D4-branes because the 06-plane, which has 4 D6-brane charge, is not parallel 
to these 2(k f — 1) NS5-branes at x 6 = 0. Finally, after moving the left NS5'-brane, which 
does not participate in the dual process so far, to the right all the way past 06-plane(and 
its mirror, the right NS5'-brane to the left), the linking number of the NS5'-brane can be 
computed as l m = ^ + 4 ^ fc 7 1 ' 1 — ¥r + -rf ■ Note that the fractional contribution in the 
second term is due to the fact that only the left (k' — 1) NS5'-branes among k! NS5'-branes 
in the electric theory are crossing the 06-plane with an angle. Of course, the remaining left 
single NS5'-brane among k' NS5'-branes in the electric theory is crossing the Nf D6^g-branes 
with an angle. Originally, the linking number was given by l e = — 4 ^ fc 7 1 ' > + This 
leads to the fact that the number of D4-branes becomes N c = 2Nf — N c + 4(k f — 1). Here the 
last constant term which depends on the number of NS5'-branes is due to the fact that the 
"extra" NS5'-branes are crossing the 06-plane. Of course, k' — 1 case reduces to the known 
number of D4-branes N c = 2Nf — N c [23] . We present the Figure 6A. 




NS5 ™ B NS5 



Figure 6: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
5 with a misalignment between D4-branes when the gravitational potential of the NS5-brane is 
ignored(6A) and nonsupersymmetric brane configuration when the gravitational potential of 
the NS5-brane is considered(6B). The Nf flavor D4-branes connecting between D6_6»-branes 
and NS5'-branes are splitting into (Nf — I)- and I- D4-branes(6A). Further n- D4-branes 
among (Nf — I)- D4-branes are moved to the NS5-brane(6B). 

The low energy theory on the color D4-branes has SU (N c ) gauge group and A^j-fundamental 
dual quarks q, q coming from 4-4 strings connecting between the color D4-branes and flavor 
D4-branes and a symmetric tensor and a conjugate symmetric tensor s, 's coming from 4-4 
strings connecting between the color D4-branes with x 6 < and the color D4-branes with 
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x 6 > 0. Moreover, a single magnetic meson field M = QQ is Nf x Nf matrix and comes from 
4-4 strings of flavor D4-branes. Then the magnetic superpotential with the limit (3,ms — > 
is given by 

W maa = jMq(ss) k 'q+^tiM 2 - mti M. (4.2) 

The case where k' — 1 and a = leads to the previous result in [23J. Note that the number 
of color N c depends on k' . In general, there are also different kinds of meson fields Mj = 
Q(SSYQ, P r = Q(SS) r SQ and P r = QS(SS) r Q where j = 1, 2, • • • , k' and r = 0, 1, • • • , k'-l 
for general rotation angles of multiple NS5'-branes. The magnetic superpotential contains 
the interaction between these meson fields with q, q, s and Is [21] as well as (ss) fc ' +1 which will 
vanish for small (3 limit. However, the particular route we take above from an electric theory 
to the magnetic theory does not produce these meson fields because the Nf D6±6»-branes and 
the extra 2(k' — 1) NS5'-branes do not create the D4-branes corresponding to those meson 
fields. 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (14.21) and the expectation values for M and q'ssq are obtained since this superpotential 
is the same as the one in [12]. Let us consider two different cases. 

• Coincident Nf L>6_e-branes and k! NS5'-branes(and their mirrors) 
In this case, all the discussions given in pj2] are satisfied with one exception that the num- 
ber of colors here is different from the one in [12]. The theory has many nonsupersymmetric 
meta-stable ground states and when we rescale the meson field as M = /iA$, then the Kahler 
potential for $ is canonical and the magnetic quarks are canonical near the origin of field 
space [1]. Then the magnetic superpotential can be written in terms of $ or M 

W mag = h^qissfq+^tr® 2 - hfi 2 ti$. 

Now one splits the (Nf — I) x (Nf — I) block at the lower right corner of /i$ and qssq into 
blocks of size n and (Nf — I — n) as follows [T2] : 

/ 0, \ / \ 

h$= h$ n \ q(ssfq=l tpj3p<p 

V frM-i-n J \ o o o Nf + n J 

Here f and (p are fix (N c — l) dimensional matrices and correspond to n flavors of fundamentals 
of the gauge group SU (N c — I) which is unbroken. In the brane configuration shown in Figure 
6B, they correspond to fundamental strings connecting the n flavor D4-branes and (N c — I) 
color D4-branes [12]. The $ n and (fflfltp are n x n matrices. The supersymmetric ground 
state corresponds to h$ n = — l n and if (3 = = flip. 
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Now the full one loop potential for $ n , (p = (pft and ip = (3ip [23J takes the form 
|$^| 2 + |$„£f + | ipip H L n + /i/^$ n | 2 + &|/i/z| 2 tr$+$ n , 



\h\< 



where b = s 4 2 Af e . Differentiating this potential with respect to and putting <p — 



one obtains 



or 



aA 3 
At 



(4.3) 



corresponding to the w coordinates of n curved flavor D4-branes between the -D6_e-branes 
and the NS5'-branes(and their mirrors). 

• Non-coincident -D6_#-branes and NS5'-branes 

Let us consider the case where the numbers of D6_e-branes and the NS5'-branes are equal 
to each other:A^/ = k' . We displace the k! -D6_e-branes and NS5'-branes given in Figure 6A 
in the v direction respectively to two k' different points denoted by fD6_ e an d v ns5' where 
j = 1, 2, • • • , k', as in section 2. There are relations between the color and flavor D4-branes 
as follows: 52* = i N c j = N c and X]j=i ^f,j = Nf. 

One deforms the Figure 6B by displacing the multiple D6_0-branes and A^^S'-branes along 
v direction. Then the n curved flavor D4-branes attached to them are displaced also as k' 
different rij's connecting between D6_e,j-brane and NSbj-brane. Let us rescale the submeson 
field as Mj = hAQj [15J and the Kahler potential for is canonical and the magnetic quarks 
qj and qj as well as Sj and lj are canonical near the origin of field space [lj. Then the magnetic 
superpotential can be rewritten in terms of $j, qj, qj, Sj and Sj 



W, 



mag 



E 



h^ qj (s jSj )% + ^tr $ 2 - htftrGj 



with fij = rrijAj and /i^ = aA 2 as before. 

One splits the (Nfj — lj) x (Nfj — lj) block at the lower right corner of h<&j and qjSjSjqj 



into blocks of size rij and (Nfj — lj 



for all j as follows [15J: 



( Ol+n 



V 





A 4 ? -1 



■h—ni 



••• 
■•• 











\ 



^ lN f,y- l k>- n k> 



+ diag(O z , h$ ni) - ■ ■ , h$ nk ,,0 Nf -i- n ) 
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and 



/ tflh 



q(ss) k 'q 



\ 



















Pi' 1 !* 




o \ 




J 



+ diag(Oj, (PniPniPni<Pr. 



where / = Y^=i h an d n = Y^=i n ji as before. Here (f nj and (p nj are rij x (N c j — Ij) matrices 
and correspond to n^-flavors of fundamentals of the gauge group SU(N c j — Ij) which is 
unbroken. The supersymmetric ground state corresponds to the vacuum expectation values 



by h$ n . 



l n , and (fin.Pnj = PniPni = 0. The full one loop potential can be written 



similarly and the local nonzero stable point arises as 



M> n . ~ 

"•1 l. "3 



or 



« A3 . 



N, 



corresponding to the nonzero w coordinates of rij flavor D4-branes between the D6_0 >3 -brane 
and the NS5'j-bia.iae. 

One can think of the brane configuration consisting of multiple outer NS5-branes as well as 
a single NS5'-brane, 06 ± -planes and eight D6-branes. So we focus on the case where there is 
only a single outer NS5-brane [261 ESI E3 EH] when we discuss the other brane configurations 
containing this sub-brane configuration with NS5-brane, NS5'-brane, 06 ± -planes and eight 
D6-branes later. 



5 SU{N C ) x SU{N' C ) with N f - and iV}-fund. and bifund. 
5.1 Electric theory 

The type IIA supersymmetric electric brane configuration [291 E01 EU [321 [33] corresponding 
to Af = 1 SU(N C ) x SU(N' C ) gauge theory with iVy-fundamental flavors Q, Q, iV^-fundamental 
flavors Q', Q' and bifundamentals X, X can be described as follows: one middle NS5-brane, 2k' 
NS5'-branes, N c - and iV^-D4-branes, and Nf- and A^j-D6-branes. The A^-color D4-branes are 
suspended between the middle NS5-brane and the right NS5'-branes, the iV^-color D4-branes 
are suspended between the left NS5'-branes and the middle NS5-brane, the Nf D6-branes are 
located between the middle NS5-brane and the right NS5'-branes and the N'j D6-branes are 
located between the left NS5'-branes and the middle NS5-brane. 

Let us deform this theory by adding the mass term and the quartic term for fundamental 
quarks. The former can be achieved by displacing the D6-branes along +v direction leading 
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to their coordinates v = +vdq [9] while the latter can be obtained by rotating the D6-branes 
[6] by an angle —9 in (w, v) -plane and we denote them by Z)6_0-branes. Then, in the electric 
gauge theory, the general deformed superpotential is given by 



W, 



= ^tr(QQ) 2 -mtrQQ + ^tr(Q'Q') 2 



m' tr Q'Q' 



+ 



~ ti{XXf' +1 + m x tr XX 



(5.1) 



The last two terms are due to the rotation of NS5'-branes where (3 = (tan ujl+ tan ujr) and the 
relative displacement of D4-branes where the mass mx = f jvss' is the distance of D4-branes 
in v direction. When there are no D6-branes, this theory reduces to the one [12] and the case 
where there exists further restriction on the number of NS5'-branes k' = 1 has been studied 
in [H]. We focus on the case with k' > 2 and the limit /3, mx — * 0. When we take the Seiberg 
dual for the gauge group SU(N C ), we put a' = and m! = 0(no displacement and no rotation 
of Nx D6-branes) while for the Seiberg dual for the gauge group SU(N^,), we take a = and 
m = 0. 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential (15.11) in type IIA string theory as follows and draw this in Figure 7: 

• One middle NS5-brane in (012345) directions with w = 

• 2k' NS5'-branes in (012389) directions v = 

• Nf £)6_6i-branes in (01237) directions and two other directions in (v, tt;)-plane 

• N'jr D6-branes in (0123789) directions 

• N c - and iV^-color D4-branes in (01236) directions with v = = w 




Figure 7: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SU(N' C ) with bifundamentals X, X and fundamentals Q, Q, Q', Q' . Note that there 
exist multiple 2k' NS5'-branes. A rotation of Nf D6-branes in (w, v) -plane corresponds to a 
quartic term for the fundamentals Q, Q while a displacement of Nf D6-branes in +v direction 
corresponds to a mass term for the fundamentals Q, Q. 
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5.2 Magnetic theory for SU(N C ) 

After we move a middle NS5-brane to the right all the way past the right NS5'-branes, we 
arrive at the Figure 8 A. Note that there exists a creation of Nf D4-branes connecting the 
Nf D6_6rbranes and the k! right NS5'-branes. The linking number of NS5-brane from Figure 
8A is l m = -J- — N c . On the other hand, the linking number of NS5-brane from Figure 7 



is l e = — + N c — A^. From these two relations, one obtains the number of colors of dual 
magnetic theory as follows [30]: N c = Nf + N' c — N c . 




Figure 8: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
7 with a misalignment between D4-branes when the gravitational potential of the NS5-brane is 
ignored(8A) and nonsupersymmetric brane configuration when the gravitational potential of 
the NS5-brane is considered(8B) . The Nf flavor D4-branes connecting between Z}6_0-branes 
and NS5'-branes are splitting into (Nf — I)- and I- D4-branes(8A). Further n- D4-branes 
among (Nf — I)- D4-branes are moved to the NS5-brane(8B). 



The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
iV/-fundamental dual quarks q, q coming from 4-4 strings connecting between the color N c 
D4-branes and Nf flavor D4-branes as well as Q',Q',Y and Y and gauge singlets. Moreover, 
a magnetic meson field M = QQ is Nf x Nf matrix and comes from 4-4 strings of Nf flavor 
D4-branes. Then the magnetic superpotential with the limit j3, nix — > is given by 



W, 



dual 



jMqq + YF'q + YqF' + &YY 



a 



+ — tr M 2 
2 



mM. 



(5.2) 



The case with k' — 1 and a = was studied in [30]. Although the superpotential (15.21) does 
not depend on the multiplicity k! of NS5'-branes in our particular limit, the difference from 
the previous result of [30] appears as two things: nonzero a in (15.21) and multiple NS5'-branes 
in Figure 8. Here other meson fields are given by $' = XX, F' = XQ and F' = XQ [30] . 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (15.21) and the expectation values for M and qq are obtained. The F-term equations 
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are almost the same as the one in [30J and the derivative of (15. 2p with respect to the meson 
field M has a dependent term. The vacuum expectation values for Y, Y, F' and F' vanish as 
in |3Q1. 

• Coincident Nf D6_e-branes and k! NS5'-branes 

The theory has many nonsupersymmetric meta-stable ground states and when we rescale 
the meson field as M = /iA$ as before, then the Kahler potential for $ is canonical and 
the magnetic quarks are canonical near the origin of field space [TJ. Then the magnetic 
superpotential can be written as 

W mag = h$qq+ tr $ 2 - hfi 2 tr $ + YF'q + YqF' + &YY 

where [i 2 = mA and fi^ = aA 2 . Now one splits the (Nf — I) x (Nf — I) block at the lower 
right corner of h<& and qq into blocks of size n and (Nf — I — n) as follows [7j: 

o \ / /* 2 1| o 

ft$=| h$ n I , qq = ip^p 




2 , . 

— 1-Nf-l-n J \ OjVy-i-n 

Here and (p are ux (N c —l) dimensional matrices and correspond to n flavors of fundamentals 
of the gauge group SU(N C — I) which is unbroken. In the brane configuration shown in Figure 
8B, they correspond to fundamental strings connecting the n flavor D4-branes and (A^ c — I) 
color D4-branes [6]. The $ n and tptp are n x n matrices. The supersymmetric ground state 
corresponds to h& n — —l n and (f = = ip 



B 

Now the full one loop potential takes the form 
V 



\h\ 



2 



\§ n p + YF'\ 2 + |$ n £ + F'Y\ 2 + \pp - fi 2 l n + h^<5> n \ 2 + b\hii\ 2 tr <$ n , 



where b = 8 2 N c and we do not write down $ n or ^^-independent terms. Differentiating 
this potential with respect to & n and putting ip — = tp, one obtains 

h$ n ~^-l n or M n ^^l n (5.3) 
b N c 

corresponding to the w coordinates of n curved flavor D4-branes between the D6_e-branes 
and the NS5'-branes. 



2 Compared to a single gauge group, there exist extra k' left NS5'-branes, N'j D6-branes and N' c D4-branes. 
In Figure 8B, we consider the case where k' left NS5'-branes are far from k' right NS5'-branes. From the 
result of [34], in general, there exists a repulsive force between N' c D4-branes and n D4-branes depending on 
their distance in w direction and an rotation angle between those D4-branes. In order to weaken this effect, 
we need to take the limit where their distance in w direction should be large and an rotation angle between 
them should be small. Furthermore, the distance beteen n D4-branes and the NS5-brane should be small also. 
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• Non-coincident Nf .D6_0-branes and k' NS5'-branes 

When the numbers of DG-g-branes and the NS5'-branes are equal to each other Nf = k', we 
displace the k' _D6_0-branes and NS5'-branes given in Figure 8A in the v direction respectively 
to two k' different points denoted by VD6_ 9j and v NS ^. where j — 1, 2, • • • , k', as in section 

Nf. Then the n curved flavor D4-branes 



2. There are Y%=i N c,j = N c and Y%=i N fJ 



attached to them are displaced also as kl different n/s connecting between D6_6» i:; -brane and 
iVS^-brane. Let us rescale the submeson field as Mj = hAQj [T5] and the Kahler potential 
for $j is canonical and the magnetic quarks qj and <jj are canonical near the origin of field 
space pQ. Then the magnetic superpotential can be rewritten in terms of $j, qj and qj 



\Y. 



rn tuj 



k' 

E 



hfj? tr 



+ 



with fj% = rrijAj and = aA 2 as before. 



One splits the (iV/j — lj) x (iV/j — lj) block at the lower right corner of hQj and qjqj into 



blocks of size rij and (Nfj 



h 



n j 



for all j as follows [15J: 



l+n 







••• 



TT^-Nf^-h-nx ••• 









\ 



+ diag(0/, h$ ni ,- ■ ■ , b&r^, Q Nf -i-n) 



and 



qq 



( V&h o o 


\ o oo 

+ diag(0/,wVV' 



\ 


vlK 

/ 

VnyVny^Nf-l-n) 



where I = Y^j=i^j anc ^ n = Y^j=i n j- Here <p n . and (f nj are rtj x (iV Cj j — /j) matrices and 
correspond to n^-flavors of fundamentals of the gauge group SU(N c j — lj) which is unbroken. 
The supersymmetric ground state corresponds to the vacuum expectation values by hQ n = 
■jf-^-nj an d <p nj tp n . = 0. The full one loop potential can be written similarly and the local 
nonzero stable point arises as 



or 



aA 3 



N 



(5.4) 
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corresponding to the nonzero w coordinates of rij flavor D4-branes between the D6_ej-brane 
and the A^i95'-brane. Then, the meta-stable states, for fixed k' and 0, are specified by the 
number of various D4-branes and the positions of multiple D6_0-branes and NS5'-branes. 



6 Sp(N c ) x SO(2N' c ) with A^-fund., M- vectors, and bi- 



fund. 

6.1 Electric theory 

The type IIA supersymmetric electric brane configuration [35j [361 [37] corresponding to Af = 1 
Sp(N c ) x SO(2N' c ) gauge theory with N'j- vectors Q', ^/-fundamental flavors Q and bifunda- 
mental X can be described as follows: one middle NS5-brane, 2(2k' + 1) NS5'-branes, 2N C - 
and 2A^-D4-branes, and 2Nf- and 2iVj-D6-branes as well as 04 ± -planes. The 2iV c -color D4- 
branes are suspended between the middle NS5-brane and the right NS5'-branes, the 2iV^-color 
D4-branes are suspended between the left NS5'-branes and the middle NS5-brane, the 2Nf 
D6-branes are located between the middle NS5-brane and the right NS5'-branes and the 2Nj 
D6-branes are located between the left NS5'-branes and the middle NS5-brane. 

Let us deform this theory by adding the mass term and the quartic term for fundamental 
quarks. The former can be achieved by displacing the D6-branes along ±v direction leading 
to their coordinates v = ±f^ 6 j9] while the latter can be obtained by rotating the D6-branes 
[6] by an angle — in (w, i>)-plane and we denote them by D6_e-branes. Then, in the electric 
gauge theory, the general deformed superpotential is given by 



The last two terms are due to the rotation of NS5'-branes where (3 = tancu and the relative 
displacement of D4-branes where the mass mx = vns5' is the distance of D4-branes in v 
direction. When there are no D6-branes, this theory reduces to the one [15] and the case 
where there exists a further restriction on the number of NS5'-branes k' — has been studied 
in [14] . We focus on the case with k' > 1 and (3, mx — * 0. When we take the Seiberg dual for 
the gauge group Sp(N c ), we put a' = and m' = while for the Seiberg dual for the gauge 
group SO(2N' c ), we take a = and m = instead. 

Let us summarize the Af = 1 supersymmetric electric brane configuration with superpo- 
tential (16.11) in type IIA string theory as follows and draw this in Figure 9: 

• One middle NS5-brane in (012345) directions with w = 



W dec 



+ \-^tr(XX) 




m' tr Q'Q' 



+2 



+ m x trXX 



(6.1) 
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• 2(2k' + 1) NS5'-branes in (012389) directions v = 

• 2Nf D6_e-branes in (01237) directions and two other directions in (v, w) -plane 

• 2N' f D6-branes in (0123789) directions 

• 2N C - and 2iV^-color D4-branes in (01236) directions with v = = w 

• 04 ± -planes in (01236) directions with w = = v 




Figure 9: The M = 1 supersymmetric electric brane configuration for the gauge group 
Sp(N c ) x SO(2N' c ) with bifundamental X and fundamentals and vectors Q, Q'. Note that there 
are multiple 2(2k'+l) NS5'-branes. A rotation of Nf D6-branes in (w, i^-plane corresponds to 
a quartic term for the fundamentals Q while a displacement of Nf D6-branes in ±v direction 
corresponds to a mass term for the fundamentals Q. 



6.2 Magnetic theory for Sp(N c ) 

After we move the middle NS5-brane to the right all the way past the right NS5'-branes, 
the linking number of NS5-brane from Figure 10A is given by l m = — 1 — (1) — 2N C . 
Originally, it was given by l e = — ^ J - + 1 — (—1) + 2N C — 2N' C from Figure 9. Therefore, by 
the linking number conservation and equating these two I's each other, we are left with the 
number of colors in the magnetic theory [35] iV c = Nf + N' c — N c — 2. 

The low energy theory on the color D4-branes has Sp(N c ) x SO(2N' c ) gauge group and 
iVy-fundamental dual quarks q coming from 4-4 strings connecting between the color N c D4- 
branes and Nf flavor D4-branes as well as Q',Y and gauge singlets. Moreover, a magnetic 
meson field M = QQ is 2Nf x 2Nf matrix and comes from 4-4 strings of 2Nf flavor D4-branes. 
Then the magnetic superpotential with the limit (3, mx — ^ is given by 

+ ^trM 2 -mM. (6.2) 

The case with k' = and a = was studied in [35]. Although the superpotential (16.21) does 
not depend on the multiplicity (2k' + 1) of NS5'-branes in our particular limit, the difference 
from the previous result of [35J appears as 1) nonzero a in (16.21) and 2) multiple NS5'-branes 
in Figure 10A. Here other meson fields are given by $' = XX and iV = QX. 



(hull 



A 



Mqq + Y&Y + qNY 



26 



A 



NSS 

B 



Figure 10: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
9 with a misalignment between D4-branes when the gravitational potential of the NS5-brane is 
ignored(lOA) and nonsupersymmetric brane configuration when the gravitational potential of 
the NS5-brane is considered (1 OB) . The Nf flavor D4-branes connecting between D6_6i-branes 
and NS5'-branes are splitting into (Nf — I)- and I- D4-branes(10A). Further n- D4-branes 
among (Nf — I)- D4-branes are moved to the NS5-brane(10B). 

One can compute the F-term equations for this superpotential (16.21) and the expectation 
values for M and qq are obtained. The F-term equations are almost the same as the one in 
[35] and the derivative of (16.21) with respect to the meson field M has a-dependent term. The 
vacuum expectation values for Y and N vanish as in [35J. 

• Coincident Nf D6_e-branes and (k f + ~) NS5'-branes 

The theory has many nonsupersymmetric meta-stable ground states and when we rescale 
the meson field as M = hA$> as before. Then the magnetic superpotential can be written as 

h 2 a 

W mag = h$qq + — tr $ 2 - hp 2 tr $ + Y&Y + qNY 

where fi 2 = mA and (j,^ = aA 2 . Now one splits the 2(Nf — I) x 2(Nf — I) block at the lower 
right corner of /i$ and qq into blocks of size 2n and 2(Nf — I — n) as follows [7]: 

/ 0^ \ / o 

h$ = /i$ 2n 1 qq = o <ptp 

V £l Nf + n ®ia 2 ) \ % {Nf -i- n) 

Here (p is 2n x 2(N C — I) dimensional matrices and correspond to 2n flavors of fundamentals 
of the gauge group Sp(N c — I) which is unbroken. The $2™ and ipip are 2n x 2n matrices. The 

2 

supersymmetric ground state corresponds to h& 2 n = — In ® ivi and (p = 0. 
Now the full one loop potential takes the form 

t^j = \§2n¥ + NY\ 2 + \tptp- fl 2 l 2n + h^$ 2n \ 2 + b\hfl\ 2 tr$2n®2n, 
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where b = ^ n ^ 2 N c and we do not write down $ 2n -independent terms. Differentiating this 
potential with respect to $ 2n and putting tp = 0, one obtains 



2» 



E±1 

6 



io 2 



or 



M 



A 3 



2n 



io 2 



corresponding to the w coordinates of n curved flavor D4-branes between the D6_6»-branes 
and the NS5'-branes. 

• Non-coincident Nf D6_e-branes and (k' + ~) NS5'-branes 

When the numbers of -D6_0-branes and the number of NS5'-branes minus one are equal 
Nf = k', we displace the k' upper Z)6_g-branes and upper NS5'-branes, given in Figure 
10A, in the +v direction respectively to two k' different points denoted by vdg^bj an d V NS5'- 
where j = 1,2, ••• , fc'(and their mirrors in the — v direction). A single NS5'-brane is lo- 
cated at v = 0. Then there exist Y^=i N c ,j(= Nfj — N c j — 2) = N c and Ylj=i ^f,j = Nf. 
When all the upper NS 5'j-bra.nes and D6_ej-branes(j = 1,2, ••• , k') are distinct, the low 
energy physics corresponds to k' decoupled supersymmetric gauge theories with gauge groups 
nUSP^cj)] xSO(2N' c ). 

One deforms the Figure 10B by displacing the multiple D6_e-branes and A^iS5'-branes 
along v direction [T5]. Then the n curved flavor D4-branes attached to them are displaced 
also as k' different rij's connecting between D6_ej-brane and A r 5'5j-brane. Then the magnetic 
superpotential can be rewritten in terms of $j, qj 



W, 



mag 



h&jqjqj + tr $^ - hjjR tr 



+ 



i=i 

with /j,? = rrijAj and fj,^ = aA 2 as before. 

One splits the 2(Nfj — lj) x 2(Nfj — lj) block at the lower right corner of h$>j and qjqj 
into blocks of size 2rij and 2(Nfj — lj — rij) for all j as follows: 



g> %a 2 



/ 2 (j+„) 



^1 N 





-h—m 









\ 











N 



%° 2 J 



+ diag(0 2/ , h® 2ni , • • • , h$ 2 n k , , 2 (jv>-i-n)) 



and 



qq 



+ 



/ tfhh 


\ 

diag(0 2 J,¥>2ni¥>2 










0a(iv>-0 / 



n ; 



y>1n k , f2n k , , 2 (AT / -l-n)) 
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where I = Ylj=i h anc ^ n = Sj=i n j- Here (f2 nj is 2rij x 2(N c j — lj) matrices and correspond 
to 2nj-flavors of fundamentals of the gauge group Sp(N C j — lj) which is unbroken. Moreover, 
the $2n and tpin^Pin- are 2rij x 2rij matrices. The supersymmetric ground state corresponds 
to the vacuum expectation values by h§ 2n — —In - ® i&2 an d V ? 2n = 0. The full one loop 
potential can be written similarly and the local nonzero stable point arises as 

corresponding to the w coordinates of rij flavor D4-branes between the -D6_6»j-brane and 
the A^S'5j-brane(and their mirrors). Then, the meta-stable states, for fixed k' and 9, are 
specified by the number of various D4-branes and the positions of multiple -D6_#-branes and 
NS5'-branes. 



7 SU(N C ) x SO(2N' c ) with A^-fund., 2iV}-vectors and bi- 
fund. 

7.1 Electric theory 

The type IIA supersymmetric electric brane configuration [381 [30] corresponding to M = 1 
SU(N C ) x SO(2N' c ) gauge theory with ^/-fundamental flavors Q, Q, 2iV|-vectors Q' and 
bifundamentals X, X can be described as follows: two NS5-branes, 2k' NS5'-branes, N c - 
and 2iV^-D4-branes, 2Nf- and 2iVj-D6-branes and 06 + -plane. The 2A^-color D4-branes are 
suspended between the two NS5-branes and the iV c -color D4-branes are suspended between 
the NS5-brane and the NS5'-branes(and their mirrors). 

Let us deform this theory by adding the mass term and the quartic term for the funda- 
mentals. The former can be achieved by displacing the D6-branes along +v direction leading 
to their coordinates v = +f_D6 (H] while the latter can be obtained by rotating the D6-branes 
[6] by an angle —9 in (w, i>)-plane and we denote them by DG-g-branes. Then, in the electric 
gauge theory, the general deformed superpotential is given by 



W elec = |tr(QQ) 2 -mtrQQ + ^tr(QV) 2 -™'trQ'Q' 



+ 



~ ti(XX) k ' +1 + m x tr XX 



(7.1) 



The last two terms are due to the rotation of NS5'-branes where (3 = tancu and the relative 
displacement of D4-branes where the mass mj = v^ss' is the distance in v direction. This 
reduces to the one [30 ! when k' — 1 and a — = a! — m! . We focus on the case with k! > 2 
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and (3, mx — > 0. When we take the Seiberg dual for the gauge group SU(N C ), we put a' = 
and m' = 0. 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential fl7.ll) in type IIA string theory as follows and draw this in Figure 11: 

• Two NS5-branes in (012345) directions with w = 

• 2k' NS5'-branes in (012389) directions v = 

• Nf .D6±6i-branes in (01237) directions and two other directions in (v, t/;)-plane 

• 2N' f D6-branes in (0123789) directions 

• N c - and 2^-color D4-branes in (01236) directions with v = = w 

• 06 + -plane in (0123789) directions with x e = = v 




NS5 



Figure 11: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SO(2N' c ) with bifundamental X, X, fundamentals Q, Q and vectors Q'. Note that 
there are multiple k' NS5'-branes(and its mirrors). A rotation of Nf D6-branes in (w, v )-plane 
corresponds to a quartic term for the fundamentals while a displacement of Nf D6-branes in 
±v direction corresponds to a mass term for the fundamentals. 



7.2 Magnetic theory for SU(N C ) 

After we move the right NS5-brane to the right all the way past the right NS5'-branes, we 
arrive at the Figure 12A. Note that there exists a creation of Nf D4-branes connecting the 
Nf D6_0-branes and the k! right NS5'-branes. The linking number of NS5-brane from Figure 
12A is l m = ^j- — N c . On the other hand, the linking number of NS5-brane from Figure 11 
is l e = — + N c — N' c . From these two relations, one obtains the number of colors of dual 
magnetic theory as follows [30]: N c = Nf + N' c — N c . 

The low energy theory on the color D4-branes has SU(N C ) x SO(2N' c ) gauge group and 
iVy-fundamental dual quarks q, q coming from 4-4 strings connecting between the color N c D4- 
branes and Nf flavor D4-branes as well as Q',Y,Y and gauge singlets. Moreover, a magnetic 
meson field M = QQ is Nf x Nf matrix and comes from 4-4 strings of Nf flavor D4-branes. 
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Figure 12: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
11 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(12A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(12B) . The Nf flavor D4-branes connecting between D6_g- 
branes and NS5'-branes are splitting into (Nf — I)- and I- D4-branes(12A). Further n- D4- 
branes among (Nf — I)- D4-branes are moved to the NS5-brane(12B). 

Then the magnetic superpotential with the limit (3, irtx — > is given by 



The case with k' — 1 and a = was studied in [30]. Although the superpotential (17.21) does 
not depend on the multiplicity k' of NS5'-branes in our particular limit, the difference from 
the previous result of [30] appears as two things: nonzero a in (17.21) and multiple NS5'-branes 
in Figure 12. Here other meson fields are given by $' = XX, F' = XQ and F' = XQ [30J. 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (17.21) and the expectation values for M and qq are obtained. The F-term equations 
are almost the same as the one in [30J and the derivative of (I7.2p with respect to the meson 
field M has a dependent term. The vacuum expectation values for Y, Y, F', F' and Q' vanish 
as in [30] . 

• Coincident Nf D6_e-branes and k' NS5'-branes 

By following the description of subsection 5.2, one obtains the local nonzero stable point 
given by (15.31) corresponding to the w coordinates of n curved flavor D4-branes between the 
D6_e-branes and the NS5'-branes in Figure 12B. 

• Non-coincident Nf D6_6i-branes and k' NS5'-branes 

The local nonzero stable point arises as (15.41) corresponding to the nonzero w coordinates 
of rij flavor D4-branes between the D6_g t j-br&ne and the iV<S5j-brane. 



1 ~ ~ ~ a 

-Mqq + Q'&Q' + YF'q + YqF' + &YY + - tr M 2 - mM. 



(7.2) 
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8 SU(N C ) x SU{N f c ) with a symm. and bifund. 
8.1 Electric theory 

The type IIA supersymmetric electric brane configuration [391 SB HD H2] corresponding to 
Af = 1 SU(N C ) x SU(N' C ) gauge theory with a symmetric tensor S, a conjugate symmetric 
tensor S and bifundamentals X, X can be described as follows: (2k + 1) NS5-brane, 2k! NS5'- 
branes, iV c - and A^-D4-branes and 06 + -plane. The iV c -color D4-branes are suspended between 
the left NS5'-branes and the right NS5'-branes and the A^-color D4-branes are suspended 
between the right NS5'-branes and the right NS5-branes(and their mirrors). 

Let us deform this theory by adding the mass term and the higher order term for the 
bifundamentals. The former can be achieved by displacing the NS5-branes along +v direction 
leading to their coordinates v = +vn$5 [2] while the latter can be obtained by rotating the 
NS5-branes [6] by an angle —9 in (w, v )-plane and we denote them by iV.S'S-fl-branes. Then, 
in the electric gauge theory, the general deformed superpotential by including the mass term 
and higher order term for symmetric tensor matter is given by 



W elec = ~ ti(XX) k+1 +mtiXX + 



~ tr (S Sf +1 + m s tr SS 



The last two terms are due to the rotation of NS5'-branes where (3 = tana; and the relative 
displacement of D4-branes where the mass ms = vns5' is the distance in v direction. This 
reduces to the one [H] when k = k' = 1 and (3 = ms = 0. We focus on the case with k, k! > 2 
and (3, m s — > 0. 

Let us summarize the M = 1 supersymmetric electric brane configuration with superpo- 
tential fl8.ll) in type IIA string theory as follows and draw this in Figure 13: 

• One NS5-brane in (012345) directions with w = = x 6 

• 2k! NS5'-branes in (012389) directions with v = 

• k A^S'5±e)-branes in (012389) directions with v = 

• N c - and iV^-color D4-branes in (01236) directions with v = = w 

• 06 + -plane in (0123789) directions with x 6 = = v 

8.2 Magnetic theory for SU{N C ) 

We apply the Seiberg dual to the SU(N C ) factor and the two k' NS5'-branes are interchanged 
each other. The linking number of the right NS5'-brane in Figure 14A is l m = — ^ + and 
the linking number of the left NS5'-brane in Figure 13 is given by l e = ^ — ^U. This leads 
to the fact that the number of D4-branes becomes N c = 2N' — N c . 
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Figure 13: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SU(N^) with a symmetric tensor S, S and bifundamentals X, X. Note that there 
are multiple k Af>S5±6i-branes and 2k' NS5'-branes. A rotation of k NS5-branes in (w, v )-plane 
corresponds to a higher term for the bifundamentals while a displacement of k NS5-branes in 
±t> direction corresponds to a mass term for the bifundamentals. 




Figure 14: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
13 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(13A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(13B) . The N' c flavor D4-branes connecting between NS5-e- 
branes and NS5'-branes are splitting into (N' c — I)- and I- D4-branes(14A). Further n- D4- 
branes among (N' c — /)- D4-branes are moved to the NS5-brane(14B). 

The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
A^-fundamental dual "quarks" Y, Y coming from 4-4 strings connecting between the color N c 
D4-branes and A^ flavor D4-branes as well as s and 3\ Moreover, a single magnetic meson 
field M = XX is A^ x A^ matrix and comes from 4-4 strings of A^ flavor D4-branes. Then 
the magnetic superpotential with the limit j3, ms — ^ is given by 

W dual = jMYY - |M fc+1 + mM. (8.2) 

The case with k = 1 = k' and a = was studied in [32]. Although the superpotential (18.21) 
does not depend on the multiplicity k' of NS5'-branes in our particular limit, the difference 
from the previous result of |39j appears as two things: nonzero a in (18.21) which has explicit 
k dependent term and multiple A r S , 5_g-branes and NS5'-branes in Figure 14A. For the su- 
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persymmetric vacua, one can compute the F-term equations for this superpotential (18. 2p and 
the expectation values for M and YY are obtained. The F-term equations are the same as 
the one in [To] . 

• Coincident k A^S'5_e-branes and k! NS5'-branes 

The theory has many nonsupersymmetric meta-stable ground states due to the fact that 
there exists an attractive gravitational interaction between the flavor D4-branes and the NS5- 
brane from the DBI action. When we rescale the meson field as M = /iA$, then the Kahler 
potential for $ is canonical and the magnetic quarks Y and Y are canonical near the origin 
of field space. Then the magnetic superpotential (18.21) can be rewritten as 



W dua i = h$YY + V±h k+1 tr <t> k+1 - hfi 2 tr $ 



(8.3) 



with the new couplings /i 2 = -mA and /i^ = —aA k+1 . 

Now one splits the (N' c — I) x (N' c — I) block at the lower right corner of M and YY into 
blocks of size n and (N' c — I — n) and then they are rewritten as follows [7]: 
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( 01, 
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LN'-l-n 



J 



fi 2 h 
YY = \ <p<p 

0jV'-/-n 



(8.4) 



Here (p and Ip are n x (iV c — I) matrices and correspond to n-flavors of fundamentals of the 
gauge group SU(N C — I) which is unbroken. The supersymmetric ground state corresponds 



to the vacuum expectation values by h& 7 



l n and (pip = 0. 



/^(fc+i) 

The full one loop potential for $ n , tp, and <p from (18. 3p and (18.41) including the one loop 



result [JJ takes the form 
V 



\h\ l 



$ n <p\ 2 + \$ n tp\ + 



ipp — [A 1 T 



{k+l)h k , 



where the positive numerical constant b is given by b = ^^r^ N c . Differentiating this potential 
(18.51) with respect to and putting (p = = tp, one obtains 



6|/i/i| 2 tr $^$ r 



1.5) 



h$ n 



2b 



_k(k + 1)^ 



or 



M„ 



ak(k + 1)A 3 



(8.6) 



It is evident that the (A^ — I — n) flavor D4-branes between the A^S"5_6i-branes and the NS5'- 
branes are related to the corresponding eigenvalues of /i<£> (18 .4|) . i.e., 



2/j? 



_^ (fc+ i)j Ijvj-i-n and 

the intersection point between the (A^ — I — n) D4-branes and the NS5'-branes is also given 
by (v,w) = (O,+v NS5 _ cot 9). 
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• Non-coincident k NS5_g-bra.nes and k' NS5'-branes 

When the numbers of A r 1 S5_6»-branes and the NS5'-branes are equal to each other k = k', 
we displace the k' NS5 -e-br&nes and NS5'-branes given in Figure 14A in the v direction 
respectively to two k! different points denoted by v^s^^e , anc ^ v NS5' j where j = 1, 2, • ■ ■ ,k', 
as in section 2. There are Yjj=i N c ,j = A^ and Ylj=i ^c,j = N' c - 

One deforms the Figure 14B by displacing the multiple A r S'5_6)-branes and A^'-branes 
along v direction. Then the n curved flavor D4-branes attached to them are displaced also 
as k! different n^'s connecting between AS'5_0 J -brane and AS^-brane. Let us rescale the 
submeson field as Mj = hAQj [15] and the Kahler potential for is canonical and the 
magnetic quarks Yj and Yj are canonical near the origin of field space [I] . Then the magnetic 
superpotential can be rewritten in terms of Yj and Yj 



W, 



mag 



=i 



hQjYjYj + 



h k+1 ^ 



tr $ 



fc+i 



hjjq tr $, 



with fij = —rrijAj and (1$ = — aA k+1 as before. 

One splits the [N' c j — Ij) x (N' c j — Ij) block at the lower right corner of h$j and YjYj into 



blocks of size rij and (A 7 ^ ■ 



for all j as follows 
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-l—n 



+ diag(0j,yj ni ^ ni ,- 

where / = X^Li h an d n = Sj=i n r Here <p nj and ip nj are rij x (A c j — Ij) matrices and 
correspond to n^-flavors of fundamentals of the gauge group SU{N C j — Ij) which is unbroken. 
The supersymmetric ground state corresponds to the vacuum expectation values by hQ n . = 



l n and <p n (p n . = 0. The full one loop potential can be written similarly and the 



ocal nonzero stable point arises as 
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or 
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akik + 1)A 
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corresponding to the nonzero w coordinates of rij flavor D4-branes between the A/" < S5_e J -brane 
and the iVS^-brane. Then, the meta-stable states, for fixed k, k' and 0, are specified by the 
number of various D4-branes and the positions of multiple iVS^-g-branes and NS5'-branes. 

9 SU(N C ) x SU(N' C ) with an antisymm., eight-fund, and 
bifund. 

9.1 Electric theory 

The type IIA supersymmetric electric brane configuration [39J corresponding to Af = 1 
SU(N C ) x SU(N' C ) gauge theory with an antisymmetric tensor A, a conjugate symmetric 
tensor S, eight fundamentals Q and bifundamentals X, X can be described as follows: Two 
NS5-branes, (2k' + 1) NS5'-branes, N c - and A^-D4-branes, eight D6-branes and 06 ± -planes. 
The iV c -color D4-branes are suspended between the left NS5-brane and the right NS5-brane 
and the A^-color D4-branes are suspended between the right NS5-brane and the right NS5'- 
branes(and their mirrors). 

Let us deform this theory by adding the mass term and the higher order term for the 
bifundamentals. The former can be achieved by displacing the NS5'-branes along +v direction 
leading to their coordinates v = +Vjys5' [9] while the latter can be obtained by rotating the 
NS5'-branes [6] by an angle — in (w, i>)-plane and we denote them by iV,S5_6i-branes. Then, 
in the electric gauge theory, the general deformed superpotential is given by 



W elec = -|tr(XX) fc ' +1 + mtrXX + 



-^tr(AS) 2 + QSQ 



(9.1; 



The third term is due to the rotation of NS5-branes where (3 = tana>. This theory reduces to 
the one [H] when k' = 1 and (3 = 0. We focus on the case with k' > 2 and (3 — > 0. 

Let us summarize the Af = 1 supersymmetric electric brane configuration with superpo- 
tential (19.11) in type IIA string theory as follows and draw this in Figure 15: 

• Two NS5-branes in (012345) directions with w = 

• One NS5'-brane in (012389) directions with v = = x 6 

• k! iVS^ifl-branes in (012345) directions with w = 

• N c - and A^-color D4-branes in (01236) directions with v = = w 

• Eight half D6-branes in (0123789) directions with x 6 = = v 

• 06 ± -planes in (0123789) directions with x 6 = = v 
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NS5706/D6 




Figure 15: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SU(N' C ) with an antisymmetric tensor A, S, eight fundamentals Q, and bifun- 
damentals X, X. Note that there are k' NS5±g-br&nes. A rotation of k' NS5'-branes in 
(w, f)-plane corresponds to a higher term for the bifundamentals while a displacement of k' 
NS5-branes in ±v direction corresponds to a mass term for the bifundamentals. 

9.2 Magnetic theory for SU(N C ) 

We apply the Seiberg dual to the SU(N C ) factor and the two NS5-branes are interchanged 
each other. The linking number of the right NS5-brane in Figure 16 A is l m — ^ — N c + N' c 
and the linking number of the left NS5-brane in Figure 15 is given by / e = — | + iV c — N' c . 
This leads to the fact that the number of D4-branes becomes |39j N c = 2N' C — N c + 4. 




Figure 16: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
15 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(16A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(16B) . The N' c flavor D4-branes connecting between NSb-e- 
branes and NS5'-brane are splitting into (N' c —l)- and /- D4-branes(16A). Further n- D4-branes 
among (N' c — I)- D4-branes are moved to the NS5-brane(16B). 

The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
^-fundamental dual "quarks" Y, Y coming from 4-4 strings connecting between the color N c 
D4-branes and N' c flavor D4-branes as well as a, 's and q. Moreover, a single magnetic meson 
field M = XX is N' c x N' c matrix and comes from 4-4 strings of N' c flavor D4-branes. Then 
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the magnetic superpotential with the limit (3 — > is given by 

W dual = jMYY - |M fc ' +1 + mM + qsq. (9.2) 

The case with k' — 1 and a = was studied in [39]. The difference from the previous result 
of [39] appears as two things: nonzero a in (19. 2p which has explicit k! dependent term and 
multiple A^S'5= F e-branes in Figure 16A. For the supersymmetric vacua, one can compute the 
F-term equations for this superpotential (19. 2j) and the expectation values for M and YY are 
obtained. 

• Coincident k! A^<S5_6i-branes 

One obtains the vacuum expectation value (18.61) with a replacement k by k' by applying 
the prescription of subsection 8.2. This provides the w coordinates of n flavor D4-branes 
between the Af,S5_6i-branes and the NS5'-brane in Figure 16B. 

• Non-coincident k' NS5_g-br&nes 

These non-coincident Af,S5_6i-branes can be obtained by taking those quark masses being 
unequal. Then all the previous descriptions for the meta-stable states can be applied in this 
case also without any difficulty 

10 SU(N C ) x SU(N^) with N f - and iV}-fund., a symm. and 
bifund. 

10.1 Electric theory 

The type IIA supersymmetric electric brane configuration [43J corresponding to M = 1 
SU (N c ) x SU (N' c ) gauge theory with ^/-fundamental flavors Q, Q, A^ -fundamental flavors 
Q', Q', a symmetric tensor S, a conjugate symmetric tensor S and bifundamentals X, X can 
be described as follows: Three NS5-branes, 2k' NS5'-branes, N c - and A^-D4-branes, and 2Nf- 
and 2Aj-D6-branes and 06 + -plane. The A^-color D4-branes are suspended between the left 
NS5'-branes and the right NS5'-branes, the A^-color D4-branes are suspended between the 
right NS5'-branes and the right NS5-brane(and their mirrors), the Nf D6-branes are located 
between the middle NS5-brane and the right NS5'-branes and the Nf D6-branes are located 
between the right NS5'-branes and the right NS5-brane(and their mirrors). 

Let us deform this theory by adding the mass term and the quartic term for fundamental 
quarks. The former can be achieved by displacing the D6-branes along ±v direction leading 
to their coordinates v = ±vdq [9] while the latter can be obtained by rotating the D6-branes 
[6] by an angle =F# in (w, w)-plane and we denote them by D6 T e-branes(or D6 T e'-branes for 
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the second gauge group). Then, in the electric gauge theory, the deformed superpotential is 
given by 



The last four terms are due to the rotation of NS5'-branes and NS5-branes where j3 = tana;' 
and 7 = tana; and the relative displacement of D4-branes where the mass ms = v^s5' and 
the mass mx = vns5 are the distance in v direction. The case of k' = 1 and a = with 
(3 = 7 = ms = mx = was studied in [13]. We focus on the case with k' > 2 and 
P,j,ms,mx — > 0. When we take the Seiberg dual for the gauge group SU(N C ), we put 
a' = and m' — and for the Seiberg dual on the gauge group SU(N^) we take a = and 
m — 0. 

Let us summarize the A/" = 1 supersymmetric electric brane configuration with superpo- 
tential fllO.ip in type IIA string theory as follows and draw this in Figure 17: 

• 2k' NS5'-branes in (012389) directions v = 

• Three NS5-branes in (012345) directions w = 

• Nf -D6±0-branes in (01237) directions and two other directions in (v, i/;)-plane 

• Nf £)6±e'-branes in (01237) directions and two other directions in (v, ty)-plane 

• N c - and A^-color D4-branes in (01236) directions with v = = w 

• 06 + -plane in (0123789) directions with x 6 = = v 



Figure 17: The M = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SU (N' c ) with a symmetric tensor S, S, bifundamentals X, X and fundamentals 
Q,Q,Q',Q'. Note that there are 2k' NS5'-branes. A rotation of Nf(N'f) D6-branes in 

(w, v )-plane corresponds to a quartic term for the fundamentals Q, Q(Q' , Q') while a displace- 
ment of Nf(N'f) D6-branes in ±v direction corresponds to a mass term for the fundamentals 



W e l ec 



= -tT(QQ) 2 -mtiQQ + -tr(Q'Q') 2 
+ \-^ti(SS) k ' +1 +m s trSs\ + [-J 




m' tr Q'Q' 




Q,Q(Q',Q'). 
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10.2 Magnetic theory for SU(N C ) 

After the left NS5'-branes and -D6e-branes and the right NS5'-branes and D6_e-branes are 
exchanged each other, we arrive at the Figure 18A. One reads off the number of colors of dual 
magnetic theory from section 4 by noticing the new N' c dependence: N c = 2(Nf + N' c ) — N c + 
4(Jfe'-l). 




Figure 18: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
17 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(18A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(18B) . The Nf flavor D4-branes connecting between D&_q- 
branes and NS5'-branes are splitting into (Nf — I)- and I- D4-branes(18A). Further n- D4- 
branes among (Nf — I)- D4-branes are moved to the NS5-brane(18B). 

The low energy theory on the color D4-branes has SU(N C ) x SU(N^) gauge group and 
-fundamental dual quarks q, q coming from 4-4 strings connecting between the color N c D4- 
branes and Nf flavor D4-branes as well as Q', Q', s, s, Y and Y and gauge singlets. Moreover, 
a magnetic meson field M = QQ is Nf x Nf matrix and comes from 4-4 strings of Nf flavor 
D4-branes. Then the magnetic superpotential with the limit /3,7,ms,mx — > is given by 

+ |trM 2 -mM. (10.2) 

The case with k' = 1 and a = was studied in [13] as mentioned before. Although the 
superpotential (I10.2p does not depend on the multiplicity k' of NS5'-branes in our particular 
limit, the difference from the previous result of [13] appears as 1) nonzero a in ( 110. 2D and 2) 
mutiple NS5'-branes in Figure 18A. Here other meson fields are given by $' = XX, F' = XQ 
and F' = XQ 03]. 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (110.21) and the expectation values for M and qssq are obtained. The F-term equations 
are almost the same as the one in [43] and the derivative of ( 110. 21) with respect to the meson 
field M has a dependent term. The vacuum expectation values for Y, Y, F' and F' vanish as 
in p]. 



W, 



dual 



-Mqssq + YF'q + YqF' + &YY 
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• Coincident Nf D6_#-branes and k! NS5'-branes 

One gets the local stable point (14. 3 j) corresponding to the w coordinates of n curved flavor 
D4-branes between the D6_e-branes and the NS5'-branes in Figure 18B by following the 
prescription of subsection 4.2. 

• Non-coincident Nf D6_6»-branes and k' NS5'-branes 
The local nonzero stable point arises similarly. 



10.3 Magnetic theory for SU(N' C ) 

After we move the right NS5'-branes to the right all the way past the right NS5-brane(and 
its mirrors to the left), we arrive at the Figure 19A. Note that there exists a creation of 
k'N'f D4-branes connecting the Nf D6_e'-branes and the NS5'-brane. The linking number 

N' ~ 

of NS5'-brane from Figure 19 A is l m = -j- — %■. On the other hand, the linking number of 
NS5'-brane from Figure 17 is l e = — ^ + — From these two relations, one obtains the 
number of colors of dual magnetic theory N' c = k'N'f + N C — N' c . In this subsection we consider 
only the single number of NS5'-brane k' — 1 in order to deal with a single meson field. 

Nf' D6 --// 1 D4 m/ nfi // 1 D4 




Figure 19: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 
18 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(19A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(19B). The Nf flavor D4-branes connecting between D6-g>- 
branes and NS5'-brane are splitting into (N'f—l)- and /- D4-branes(19A). Further n- D4-branes 
among (N'j- — I)- D4-branes are moved to the NS5-brane(19B). 



The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
Ay-fundamental dual quarks g',(f coming from 4-4 strings connecting between the color N' c 
D4-branes and N* flavor D4-branes as well as Q, Q, S, S, Y, Y and gauge singlets. Moreover, 
a magnetic meson field M = Q'Q' is N* x Nf matrix and comes from 4-4 strings of Nf flavor 
D4-branes. Then the magnetic superpotential with the limit p,'j,ms,mx — > is given by 



W, 



dual 



-Mq'q 1 + YFq' + Yq'F + &YY 



H — tr M 
2 



m'M. 



(10.3) 
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The case with k' = 1 and a = was studied in [33]. Although the superpotential (j!0.3p does 
not depend on the multiplicity k' of NS5'-branes in our particular limit, the difference from 
the previous result of [33] appears as nonzero a in (110. 3p . Here other meson fields are given 
by $' = XX, F = XQ' and F = XQ' [33]. 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (I10.3P and the expectation values for M and q'q' are obtained. The F-term equations 
are almost the same as the one in [33] and the derivative of (110.30 with respect to the meson 
field M has a dependent term. The vacuum expectation values for Y,Y,F and F vanish as 
in [33]- 

• Coincident Ni D6_g'-branes 

One obtains the local stable point as ( 15. 3p by changing the role of Q and Q into the one 
of Q' and Q' . This gives the w coordinates of n flavor D4-branes between the D6_e'-branes 
and the NS5'-brane in Figure 19B. 

• Non-coincident N'j D6_e'-branes 

These non-coincident D6_e-branes can be obtained by taking those quark masses being 
unequal. Then all the previous descriptions for the meta-stable states can be applied in this 
case also without any difficulty. 

11 SU{N c )xSU(N' c ) with N r and iV}-fund., an antisymm., 
eight-fund, and bifund. 

11.1 Electric theory 

The type IIA supersymmetric electric brane configuration [43j corresponding to Af = 1 
SU (N c ) x SU (N' c ) gauge theory with iVy-fundamental flavors Q, Q, -fundamental flavors 
Q', Q', an antisymmetric tensor A, a conjugate symmetric tensor S, eight fundamentals Q and 
bifundamentals X, X can be described as follows: Two NS5-branes, (2k' + 1) NS5'-branes, 
N c - and A^-D4-branes, and 2Nf- and 2iVj-D6-branes, eight D6-branes and 06 ± -planes. The 
N c -coloi D4-branes are suspended between the two NS5-branes, the iV^-color D4-branes are 
suspended between the right NS5-brane and the right NS5'-branes(and their mirrors), the 
Nf D6-branes are located between the middle NS5'-brane and the right NS5-brane and the 
Nf D6-branes are located between the right NS5-brane and the right NS5'-branes(and their 
mirrors) . 

Let us deform this theory by adding the mass term and the quartic term for fundamental 
quarks. The former can be achieved by displacing the D6-branes along ±v direction leading 
to their coordinates v = ±vd G [9] while the latter can be obtained by rotating the D6-branes 
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[6] by an angle ^8 in (w, u)-plane and we denote them by .D6 T 6i-branes. Then, in the electric 
gauge theory, the general deformed superpotential is given by 



W, 



elec 



- tr(QQ) 2 -mtrQQ + QSQ + - tr (Q'Q'f - m! tr Q'Q' 



ftr(A5) 2 + 



7 



tr(XX) ? 



m x tr XX 



'li. r 



The last three terms are due to the rotation of NS5-branes and NS5'-branes where (3 = tana; 
and 7 = tana;' and the relative displacement of D4-branes where the mass mx = Ujvss' is the 
distance in v direction. The case of k' — 1 and a = with — 7 = mj = was studied in 
|43j . We focus on the case with k' > 2 and /5, 7, mx — > 0. When we take the Seiberg dual for 
the gauge group SU(N C ), we put a' = and m' = and for the Seiberg dual on the gauge 
group SU(N' C ) we take a = and m — 0. 

Let us summarize the A/" = 1 supersymmetric electric brane configuration with superpo- 
tential flll.ip in type IIA string theory as follows and draw this in Figure 20: 

• Two NS5-branes in (012345) directions with w = 

• (2k' + 1) NS5'-branes in (012389) directions v = 

• Nf .D6±6»-branes in (01237) directions and two other directions in (v, t/;)-plane 

• N'jr £)6±0/-branes in (01237) directions and two other directions in (v, -w)-plane 

• Eight D6-branes in (0123789) directions 

• N c - and iV^-color D4-branes in (01236) directions with v = = w 

• OG^planes in (0123789) directions with x 6 = = v 




k' NS5' 



Nr' D6 e 



NS5706/D6 

Nf D6e 



Figure 20: The Af = 1 supersymmetric electric brane configuration for the gauge group 
SU(N C ) x SU(N' C ) with an antisymmetric tensor A, S, bifundamentals X, X, fundamentals 
Q, Q, Q', Q' and fundamentals Q. Note that there are multiple 2k' iVS'S'-branes. A rotation 
of Nf D6-branes in (w, v )-plane corresponds to a quartic term for the fundamentals Q, Q 
while a displacement of Nf D6-branes in ±t> direction corresponds to a mass term for the 
fundamentals Q, Q. 
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11.2 Magnetic theory for SU(N C ) 



After the left NS5-branes and _D6e-branes and the right NS5-branes and D6_e-branes are 
exchanged each other, we arrive at the Figure 21A. The number of colors of dual magnetic 
theory is given by [43J N c = 2(N f + N' c ) - N c + A. 




k' NS5 



Figure 21: The j\f = 1 supersymmetric magnetic brane configuration corresponding to Figure 
20 with a misalignment between D4-branes when the gravitational potential of the NS5- 
brane is ignored(2lA) and nonsupersymmetric brane configuration when the gravitational 
potential of the NS5-brane is considered(21B). The Nf flavor D4-branes connecting between 
-D6_0-branes and NS5'-brane are splitting into (Nf — I)- and I- D4-branes(2lA). Further n- 
D4-branes among (Nf — I)- D4-branes are moved to the NS5-brane(22B). 

The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
iV^ -fundamental dual quarks q, q coming from 4-4 strings connecting between the color N c 
D4-branes and Nf flavor D4-branes as well as Q', Q', a, H, q, Y, Y and gauge singlets. Moreover, 
a magnetic meson field M = QQ is Nf x Nf matrix and comes from 4-4 strings of Nf flavor 
D4-branes. Then the magnetic superpotential with the limit (3, 7, mx — > is given by 



W, 



dual 



A 



Mqsaq + qsq + YF'q + YqF' + &YY + Mqq 



H — tr M 
2 



mM. 



'11.21 



The case with k' = 1 and a = was studied in [13] as mentioned before. Although the 
superpotential flll.2p does not depend on the multiplicity k' of NS5'-branes in our particular 
limit, the difference from the previous result appears as 1) nonzero a in (111.21) and 2) multiple 
NS5'-branes in Figure 21 A. Here other meson fields are given by $' = XX, F' = XQ,M = QQ 
and F" = XQ [13]. 

For the supersymmetric vacua, one can compute the F-term equations for this superpoten- 
tial (lll.2p and the expectation values for M and qsaq are obtained. The F-term equations are 
almost the same as the one in [13] and the derivative of (111.21) with respect to the meson field 
M has a dependent term. The vacuum expectation values for Y, Y, q, M, F' and F' vanish as 



111 
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• Coincident Nf D6_g-branes 

The theory has many nonsupersymmetric meta-stable ground states and when we rescale 
the meson field as M = /iA$ as before, then the Kahler potential for $ is canonical and 
the magnetic quarks are canonical near the origin of field space pQ. Then the magnetic 
superpotential can be written as 

h 2 u ~ ~ ~ ~ 

W mag = h$qsaq + tr $ 2 - h/j 2 tr $ + qsq + YFq + Y^F' + &YY + Mqq 

where [i 2 = mA and ^ = aA 2 . Now one splits the (Nf — I) x (Nf — I) block at the lower 
right corner of h<& and qsaq into blocks of size n and (Nf — I — n) as follows [7]: 

/ Ot \ / ^l, 

h$ = h$ n 1 gs a g = o p/fyp 

V ^Nf-l-n J V ()*,_,_„ 

Here ^ and are fix (N c — l) dimensional matrices and correspond to n flavors of fundamentals 
of the gauge group SU(N C — I) which is unbroken. The $ n and <p/3yip are nxn matrices. The 

2 - — - 

supersymmetric ground state corresponds to h$ n = — l n and ip{3 = = yip. 
Now the full one loop potential takes the form 

V 



\® n ip(3 + YF\ 2 + |$ n7 £ + FY\ 2 + \ip/3y(p - ix 2 \ n + h^ n \ 2 + b\hfi\ 2 tr & n $ n , 



where b = ^ ln 8 ^. 2 ~ N c and we do not write down $ n or ^-independent terms. Differentiating 
this potential with respect to <&t and putting ipf3 = = yip, one obtains 

ft$„ ~ or M n ~ -^l n 

b N c 

corresponding to the w coordinates of n curved flavor D4-branes between the D6_e-branes 
and the NS5'-branes. 

• Non-coincident Nf D6_g-branes 

These non-coincident D6_6rbranes can be obtained by taking those quark masses being 
unequal. 

11.3 Magnetic theory for SU(N' C ) 

After we move the right NS5-brane to the right all the way past the right NS5'-branes(and 
its mirrors to the left), we arrive at the Figure 22A. The linking number of NS5-brane from 

N' f ~ 

Figure 22A is l m — -4- — N c . On the other hand, the linking number of NS5-brane from Figure 
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Figure 22: The M = 1 supersymmetric magnetic brane configuration corresponding to Figure 

20 with a misalignment between D4-branes when the gravitational potential of the NS5-brane 
is ignored(22A) and nonsupersymmetric brane configuration when the gravitational potential 
of the NS5-brane is considered(22B). Note that there are multiple 2k' A^SV-branes. The N'j- 
flavor D4-branes connecting between Z}6_#'-branes and NS5'-brane are splitting into (N* — l)- 
and I- D4-branes(22A). Further n- D4-branes among (N'j- — I)- D4-branes are moved to the 
NS5-brane(22B). 

N'. 

21 is l e = — + N c — N' c . From these two relations, one obtains the number of colors of dual 
magnetic theory N' c = Ni + A c — N' c . 

The low energy theory on the color D4-branes has SU(N C ) x SU(N' C ) gauge group and 
Ay-fundamental dual quarks q',cf coming from 4-4 strings connecting between the color A^ 
D4-branes and N* flavor D4-branes as well as Q, Q, A, S, Q, Y, Y and gauge singlets. Moreover, 
a single magnetic meson field M = Q'Q' is N'j- x Ni matrix and comes from 4-4 strings of Aj- 
flavor D4-branes. Then the magnetic superpotential with the limit (3, 7, mx — > is given by 

+ -tr M 2 -m'M. (11.3) 
2 

The case with k' = 1 and a = was studied in [33]. Although the superpotential HI 1 .3[) does 
not depend on the multiplicity k' of NS5'-branes in our particular limit, the difference from 
the previous result of [13J appears as two things: nonzero a in (111.31) and multiple NS5'-branes 
in Figure 22A. Here other meson fields are given by $' = XX, F = XQ' and F = XQ' [43J. 

For the supersymmetric vacua, one can compute the F-term equations for this superpo- 
tential (lll.3p and the expectation values for M and q'q' are obtained. The F-term equations 
are almost the same as the one in [13] and the derivative of (111.31) with respect to the meson 
field M has a dependent term. The vacuum expectation values for Y,Y,F and F vanish as 
in [33]. 

• Coincident Nf D6_6)'-branes 

One obtains the stable point (15. 3p with appropriate replacement of Nf D6_e-branes by the 
corresponding N' f D6_6c-branes. This gives the w coordinates of n curved flavor D4-branes 



W, 



dual 



A 



Mq'q' + YFq' + Yq'F + &YY 
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between the £)6_0'-branes and the NS5'-branes in Figure 22B. 
• Non-coincident N' f -D6_g/-branes and k' NS5'-branes 



The local nonzero stable point arises as (15.41) . 
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Conclusions and outlook 



As mentioned in the abstract, let us summarize the new features we have obtained from the 
met a-st able brane configurations. 

Compared with the ones of [H E], the Figure 2 contains the multiple k' NS5'-branes and 
the presence of N c flavor D4-branes connecting D6_g-branes and NS5'-branes. Similarly, 
its symplectic version, characterized by the Figure 4, contains the multiple (2k' + 1) NS5'- 
branes and the presence of N c flavor D4-branes connecting D6_e-branes and NS5'-branes(and 
its mirrors). Compared with the one of [12], the Figure 6 has the multiple k' NS5'-branes 
and the different value of N c which has A;'- dependence. The Figures 8, 10, 12 have multiple 
NS5'-branes and rotated D6-branes, compared with [30J. 

Compared with [39J, the Figure 14 has multiple rotated NS5-branes and multiple NS5'- 
branes while the Figure 16 has multiple rotated NS5'-branes. The Figure 18 contains the 
multiple k! NS5'-branes and the different value of N c which has ^'-dependence while the 
Figure 19 has only rotated D6-branes, compared with the previous result in [13]. Finally, the 
Figure 21 has only rotated D6-branes and the Figure 22 multiple NS5'-branes and rotated 
D6-branes, compared with [43J. 




We make some comments for the future directions along the line of meta-stable brane 
construction. 

• As we mentioned, the construction for possible multiple outer NS5-branes on the gauge 
theory [23] with the antisymm. and conj. symm. as well as fundamentals is an open problem 
in the context of the analysis of supersymmetric ground states and nonsupersymmetric ground 
states also. 

• Are there any variants of sections 2 and 3 by & NS5-branes and a single NS5'-brane? 
When k = 2, the gauge theory analysis for unitary group was given in [H]. It would be 
interesting to study whether there exist nonsupersymmetric meta-stable vacua and if not, 
how one can think of the possible deformations in the superpotential to make them stabilize 
at one-loop? 

• When there are multiple k' middle NS5-branes, which is the same number as the one of 
NS5'-branes, in section 4, how one can analyze the meta-stable vacuum? For the supersym- 
metric brane configuration corresponding to the gauge theory [45J, |46l |47] , some of the analysis 
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was done in [25] where there are the higher order term for an adjoint field in the superpotential 
and the interaction terms between an adjoint and quarks and symmetric tensor. 

• Similarly, when there are multiple k' middle NS5-branes in section 5 (there are (2k' + 1) 
middle NS5-branes in section 6), how one can analyze the meta-stable vacuum? For the 
supersymmetric brane configuration [29] corresponding to this gauge theory [16] which has 
extra two adjoint fields, the superpotential has more general form. 

• It is possible to consider the case where there are multiple k NS5-branes and a single 
NS5'-brane(and their mirrors) in section 7. It would be interesting to study whether there 
exist nonsupersymmetric meta-stable vacua. 

• As mentioned before, when there are multiple k' middle NS5-branes in section 8, the 
analysis for the supersymmetric brane configuration [25] explains the gauge theory result |46j . 
It is an open problem to find whether there exist nonsupersymmetric meta-stable vacua. 

• Also one can think of the case when there are multiple k NS5-branes in section 9. It 
would be interesting to find out the supersymmetric ground states and nonsupersymmetric 
ground states. 

• When there are multiple k' middle NS5-branes in section 10, how one can analyze the 
meta-stable vacuum? It is known that the supersymmetric brane configuration [25] describes 
the gauge theory [46] . On the other hand, one can consider the case where there exist multiple 
k NS5-branes with a single NS5'-brane or combination of both multiple k' middle NS5-branes 
and multiple k NS5-branes in section 10. For the dual of second gauge group SU(N' C ), we 
treated only k' = 1 NS5 '-brane but it is also possible to consider the general k' case where 
there are many meson fields. 

• Also when there are multiple k NS5-branes with a single NS5'-brane, or when there are 
multiple k NS5-branes and multiple k' NS5'-branes in section 11, how the meta-stable vacua 
as well as supersymmetric ones appear? 
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